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a b s t r a c t

A new cam–follower system experiment capable of generating periodic impacts is utilized
to estimate the impact damping model parameters. The experiment is designed to pre-
cisely measure the forces and acceleration during impulsive events. The impact damping
force is described as a product of a damping coefficient, the indentation displacement
raised to the power of a damping index, and the time derivative of the indentation dis-
placement. A novel time-domain based technique and a signal processing procedure are
developed to accurately estimate the damping coefficient and index. The measurements
are compared to the predictions from a corresponding contact mechanics model with trial
values of damping parameters on the basis of a particular residue; both parameters are
quantified based on the minimization of this residue. The estimated damping parameters
are justified using the literature and an equivalent coefficient of restitution model is
developed. Also, some unresolved issues regarding the impact damping model are
addressed.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Periodic impacts commonly occur in mechanical systems having clearance or backlash; these include geared systems [1–
5], cam–follower mechanisms [6–9], and four-bar linkages [10–12]. There is a significant body of literature on such
impacting systems employing linear system methods [13,14], non-linear analysis [15], stability investigations [16–18] and
energy dissipation analyses [19,20]. However, only a few researchers [15,21,22] have utilized contact mechanics formulation
(with an impact damping model) for such systems. The commonly used contact force formulation [21,23–25] is of the
following form,

Fλ ¼ Fk 1þκ _δ
� �

: ð1Þ

Here, Fλ is the contact force (where subscript λ indicates a contact related parameter), Fk is the contact stiffness force, δ is the
indentation displacement, and κ is an arbitrary constant. The physical significance of the above formulation is that the
contact damping force is assumed to be proportional to the elastic contact force. Additionally, an alternate formulation such
as Fλ ¼ Fkþηδ0:25 _δ (where η is a constant) has also been used [22] to represent the contact force during impacts. Overall,
there is a clear need to experimentally determine the most appropriate impact damping model, though the direct
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measurement of contact force during an impact remains a challenge. Therefore, the main goal of this article is to propose a
new method that would combine measurements and analytical predictions for a cam–follower system to estimate impact
damping parameters.
2. Problem formulation

A generalized model for the contact force is proposed below where n is the damping index and β is the impact damping
coefficient.

Fλ ¼ Fkþβδn _δ ð2Þ

The above formulation does not assume a proportionality between the contact stiffness and damping forces. A limiting
case of this equation, however, is when the n is equal to the power of δ in Fk, then Fd is proportional to Fk. The extent of
hysteresis is controlled by the value of n. Note that the β units depend on the numerical value of n since βδn _δi must have the
units of force. The Hertzian contact theory [26] could be used to find Fk since it gives a reasonable estimate of the elastic
force as suggested by Veluswami et al. [23]. The values of β and n could then be experimentally determined, though only a
limited number of researchers [27] have conducted experimental studies using an impact damping model. Nevertheless, the
following key questions remain unanswered: a) will Eq. (2) with experimentally estimated values of β and n be consistent
with Eq. (1)? b) Could the hysteresis loop and the contact force be utilized to estimate β and n? c) What is the relative
significance of the numerical values of β and n? d) How could one justify the numerical values of β and n, given the
literature for a typical mechanical system? e) Is the equivalent viscous damping model appropriate for this problem?
Therefore, the scope of this study is formulated to address the above mentioned questions, though it is restricted to impacts
with point contacts between two metallic objects.

The key objectives of this article are as follows: (i) design a controlled cam–follower experiment with point contact to
measure dynamic forces and motion (in time domain) under periodic impacts; (ii) propose an analogous analytical model
for the experiment with contact mechanics formulation; (iii) develop and evaluate a signal processing procedure to
experimentally determine β and n without directly measuring the contact force; and (iv) determine an equivalent coeffi-
cient of restitution model from the same experiment, and then justify the estimated value(s) of β using the relationship
suggested by Hunt and Crossley [24].

The cam–follower system proposed for this study is shown in Fig. 1, which is a representative experiment for impacting
mechanical systems, as shown previously [22]. The system consists of a cylindrical steel cam rotating about an axis not
passing through its center but parallel to the axis of the cylinder. The follower consists of a long bar of square cross-section
attached to a thin cylindrical steel dowel pin, pivoted at its end by a pair of roller bearings, and supported along the vertical
direction (êy) by a coil spring which is always compressed, thereby forcing it towards the rotating cam. The main
assumptions regarding the experiment are: a) the axes of rotation of the cam and the follower remain unchanged at any
load; b) the bearings at the follower pivot are frictionless; c) the angular velocity of the cam (Ωc, subscript c denoting the
cam) is constant and unaffected by the impact loads; and d) the coil spring stays vertical during the operation. The following
conditions are to be considered in designing the cam–follower experiment to achieve a good estimate of β and n. First, the
effect of flexural vibrations of the follower caused by impacts should not affect the measured force and acceleration. Second,
the responses should be accurately measured during the impacts which occur within a very short time interval. Finally, the
follower must impact with the cam periodically at the rate of once per cam revolution; the need to have this particular
condition is explained in Section 5.
Spring
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Fig. 1. Cam–follower experiment designed to determine impact damping parameters.
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3. Design of the laboratory experiment and instrumentation

The cam–follower experiment is designed as follows for accurate estimation. First, a point contact is achieved between
the cam (of radius rc, subscript c denoting the cam) and the dowel pin (of radius rd) of the follower, since two cylindrical
surfaces (with axes perpendicular to each other) are in contact. Second, the coefficient of friction (μ) is minimized by having
smooth contacting surfaces (with an average roughness of 0.2 μm). At the contact, μ is taken to be as 0.2, though this value
does not influence the estimation procedure. Third, the flexural vibrations in the follower (of width wb, subscript b denoting
the bar) are minimized using a damping material (Sika damp 620 [28]). Fourth, a tri-axial force transducer (PCB 260A01
[29]) located at the follower hinge measures the reaction forces along êx (horizontal) and êy directions, while the shock
accelerometer (PCB 350B02 [30]) attached to the follower near the contact point (at a distance of la from the follower pivot)
measures its tangential acceleration. Both transducers (capable of accurately recording the impacts) are simultaneously
sampled at a very high rate of 204800 Hz using the LMS Scadas III [31] data acquisition system. Finally, the contact is
maintained whenΩc is low; however, the follower (of length lb) starts losing contact and making impacts asΩc is increased
considerably. As observed by Alzate et al. [8], the system quickly goes into a chaotic state once Ωc is increased beyond a
certain limit. Hence, a variable speed electric motor is used to carefully controlΩc, so that the system does a periodic impact
of exactly once per revolution of the cam. AsΩc is slowly increased, the time period between consecutive impacts increases
while the time period for the cam to complete one revolution decreases. The follower impacts exactly once per cam's
revolution when these two time periods are equal. A digital tachometer (Neiko Tools, USA) is used to accurately measureΩc.
4. Analytical model

4.1. Kinematics of the cam–follower system

Fig. 2 shows a sketch of the analytical model with a contact mechanics formulation for the experiment. The cylindrical
cam rotates about E which is at a distance e from the center (Gd). The linear stiffness of the coil spring supporting the bar is
ks and it is grounded at a distance dy below the bearing pivot P and at a distance of dx from it along êx. The angle made by the
follower with êx is given by α(t) measured in the clockwise direction, while the angular displacement of the cam in the

counter-clockwise direction is given byΘ(t). The instantaneous points of contact in the cam and the follower are given by Oc

and Ob, respectively. A moving coordinate system î; ĵ
� �

attached to the follower is defined with its origin at Q where î is

orthogonal to the follower. The vector QOc
��!

in the î; ĵ
� �

coordinate system is given by ψ i îþψ j ĵ as shown in Fig. 2. The 0-state

is defined withΘ0 and α0 (with superscript 0 representing the 0-state), as discussed by Sundar et al. [9] for a similar system.

The contact mechanics are represented by point contact stiffness (kλ) and impact damping (cλ) elements. The chief
assumptions in the analytical formulation are as follows: (1) the friction does not affect the impact mechanism and it
follows a Coulomb friction model; (2) the coil spring supporting the follower is linear; and (3) the bending moment in the
Fig. 2. Analytical contact mechanics model of the experiment shown in Fig. 1.
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follower is negligible, furthermore the amplitude of flexural vibrations are negligibly small compared to the amplitude of
angular oscillations due to impact.

At the 0-state, α0and Θ0are defined as the following,

α0 ¼ cos �1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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CCA; ð3Þ

Θ0 ¼ π=2�α0: ð4Þ

Here PE
�!��� ���

x
and PE

�!��� ���
x
are the magnitudes of PE

�!
along êx and êy, respectively. Using the procedure discussed by Sundar et al.

[9], the moving coordinates (ψi(t) and ψj(t)) and their time derivatives are calculated using the following equations:

ψ iðtÞ ¼ χ0 sin αðtÞ�α0� �þðrcþ2rdþ0:5wbÞ cos αðtÞ�α0� ��1
� �

þe sin αðtÞþΘ0
� �

� sin αðtÞþΘðtÞ� �h i
; ð5Þ

ψ jðtÞ ¼ χ0 1� cos αðtÞ�α0� �	 
þðrcþ2rdþ0:5wbÞ sin αðtÞ�α0� �
�e cos αðtÞþΘ0

� �
� cos αðtÞþΘðtÞ� �h i

; ð6Þ

_ψ iðtÞ ¼ χ0 cos αðtÞ�α0� �
_αðtÞ�ðrcþ2rdþ0:5wbÞ sin αðtÞ�α0� �

_αðtÞ
þe cos αðtÞþΘ0

� �
_αðtÞ� cos αðtÞþΘðtÞ� �

_αðtÞþ _ΘðtÞ
� �h i

; ð7Þ

_ψ jðtÞ ¼ χ0 sin αðtÞ�α0� �
_αðtÞþðrcþ2rdþ0:5wbÞ cos αðtÞ�α0� �

_αðtÞ
þe sin αðtÞþΘ0

� �
_αðtÞ� sin αðtÞþΘðtÞ� �

_αðtÞþ _ΘðtÞ
� �h i

: ð8Þ

Here, χ0 ¼ χðtÞþψ jðtÞ where χ(t) is the lever arm of the Fλ(t) about P and is given by the instantaneous magnitude of POb
��!

along ĵ.

4.2. Non-contact regime

When the instantaneous value of ψi(t)40 the follower is not in contact with the cam, and the equation of motion
depends only on the dynamics of the follower and coil spring. It is given by the following, where IPb is the moment of inertia
of the follower (along with the damping material) about P,mb is the mass of the follower (along with the damping material),
and lb is the distance from the center of gravity of the follower (Gb) from P:

IPb €αðtÞ ¼mbglg cos αðtÞð Þ�FsðtÞdx: ð9Þ
Here, Fs(t) is the elastic force from the coil spring which is given as follows, where Lus is the undeflected length of the spring,

FsðtÞ ¼ ks Lus �dyþdx tan αðtÞð Þþ0:5wb sec αðtÞð Þ	 

: ð10Þ

Eq. (9) is solved numerically for a given value of Ωc, as long as ψi(t)40. The system goes to a contact regime once ψi(t)
goes less than 0 and the response of the system has to be calculated using the contact mechanics formulation, which is
discussed next.

4.3. Contact regime

Using the contact mechanics formulation, the response of the system is calculated using Hertzian contact theory [26].
The contact stiffness for a point contact is calculated as,

kλ ψ iðtÞ
� �¼ 4

3
Ye ρe ψ iðtÞ

�� ��� �0:5
: ð11Þ

Here Y is Young's modulus (with superscript e denoting equivalent) given by the following, where ν is Poisson's ratio,

Ye ¼ 1�ν2c
Yc

þ1�ν2b
Yb

" #�1

: ð12Þ

The equivalent radius of curvature at the contact (ρe) is given by,

ρe ¼ rcð Þ�1þ rdð Þ�1
h i�1

: ð13Þ
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The impact damping is defined as given below, as a direct result of the proposed generalized model given in Eq. (2),

cλ ψ iðtÞ
� �¼ β ψ iðtÞ

�� ��n: ð14Þ
The total contact force is given by,

FλðtÞ ¼ �kλ ψ iðtÞ
� �

ψ iðtÞ�cλ ψ iðtÞ
� �

_ψ iðtÞ: ð15Þ
Taking the moment balance of the forces acting on the follower about P, the equation of motion in the contact regime is

calculated as,

IPb €αðtÞ ¼mbglg cos αðtÞð Þ�FsðtÞdxþFλðtÞχðtÞ�Ff ðtÞð0:5wbþ2rdÞ: ð16Þ
Here Ff(t) is the friction force given by

Ff ðtÞ ¼ μFλðtÞ sgn vrðtÞð Þ: ð17Þ
Here vr(t) is the relative sliding velocity at the contact point given by

vrðtÞ ¼ _ψ jðtÞ� rcþe sin αðtÞþΘðtÞ� �	 

_αðtÞþ _ΘðtÞ

� �
ð18Þ

Note that from Eq. (16), Ff(t) does not significantly affect the dynamics of the system as its moment arm (0.5wbþ2rd) is
very small compared to χ(t), and moreover μ is very low. The system response is computed in the non-contact regime by
solving Eq. (9), while in the contact regime by solving Eq. (16). The system constantly switches between these two regimes
when Ωc is greater than a certain value, depending on the system. At the very beginning of the simulation α(0)¼α* and
_αð0Þ ¼ 0 are used as initial conditions, where α* is the value of α(t) at the static equilibrium point (with superscript *). This is
evaluated using Eqs. (5), (6) and (16) in the Jacobian matrix method as discussed by Sundar et al. [9]. Subsequently, the
initial conditions for each regime are taken from the final state of the previous regime.
5. Estimation of impact damping parameters (β and n)

5.1. Time-domain based technique to estimate the system response

The reaction forces along êx and êy (Nx and Ny, respectively, as shown in Fig. 2) and €αðtÞ (calculated by dividing the
measured tangential acceleration of the follower by la) are the experimental data measured in the time-domain. The
geometrical parameters and inertia are obtained directly from the experiment. The entire procedure is performed in the
time-domain as impacts excite a wide range of frequencies (including the natural frequencies of the cam–follower system
and flexural vibrations of the follower), and hence the frequency domain data cannot be used directly. Some of the
important numerical issues for which care needs to be taken in this estimation process are as follows. First, the measured
€αðtÞ is numerically integrated to obtain _αðtÞ, which is numerically integrated again to obtain the system response (α(t)). The
integration process does not give the DC component of the signal; moreover the numerical integration process has inherent
errors [32] (truncation and round-off) associated with it. Also since integration has to be performed twice, these errors
would have a cumulative effect on α(t). Thus, higher accuracies can be achieved by having a shorter time resolution (τ) and a
smaller length of integration vector. Second, the magnitude of indentation (ψi(t)) during contact is very small compared to
the maximum value of α(t) in the non-contact regime and the time of impact is very short. Hence it is very difficult to
accurately estimate ψi(t) during impacts from the experimental data.

The following technique is adopted to minimize the errors due to the numerical integration and to estimate the DC
component of α(t). The impact damping estimation procedure discussed later in Section 5.2 can be employed even without

adopting this technique, if α(t) can be accurately calculated from the experiment. The measured time-domain data (forces
and acceleration) have many impacts, but each impact is considered an independent event for the purpose of analysis.
Furthermore, each impact event is divided into two sub-events, namely contact and non-contact. The contact sub-event
begins when the cam and the follower are just in contact (ti¼0, superscript i represents experimental data for an impact
event) with ψ i

i ¼ 0 and ends when the follower loses contact with the cam (ti ¼ tia). Then the non-contact sub-event starts

and lasts until the follower next comes into contact with the cam (ti ¼ tie). The experimental angular acceleration for each

impact event is measured as €αiðtiÞ and its time-average €αiðtiÞ
D E

ti

� �
should be 0 since the impacts are periodic (as stated in

Section 3). However, this is not generally the case as the measured data has some errors, and hence €αiðtiÞ
D E

ti
is subtracted

from €αiðtiÞ. Then €αiðtiÞ is integrated numerically using the Runge–Kutta method to get _αiðtiÞ. Though €αiðtiÞ
D E

ti
should be 0, it

is not due to the errors of the numerical integration technique. This is eliminated by subtracting _αiðtiÞ
D E

ti
from _αiðtiÞ. The

resultant signal is again integrated numerically to get αiðtiÞ. The fact that the follower impacts exactly once per revolution of
the cam is used again to calculate the DC component of αiðtiÞ. For a given system, the time period of each impact (tie)

depends on its state at the end of the contact sub-event. Writing it mathematically as follows where Ξ is a function that
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gives the time required by the follower to return to its initial position based on initial conditions,

tie ¼Ξ αiðtiaÞ; _αiðtiaÞ
� �

: ð19Þ

Eq. (9) is solved iteratively with known _αiðtiaÞ and different values of α as initial condition to evaluate Ξ. The time
required for the follower to come back to the same initial position is calculated for each α. The value of α, for which the
calculated time matches with tie, is chosen as αiðtiaÞ since tia � 0 (due to extremely short time of contact sub-event). The DC
component of αiðtiÞ (calculated by numerical integration) is adjusted so that αiðtiÞjti ¼ tia

¼ αiðtiaÞ. The angle of the cam at ti¼0
Θið0Þ

� �
is calculated from Eq. (5) by replacing α(t) with αi(0) αið0Þ, forcing ψi(t)¼0 and solving for Θ(t). Thus the time-

history of Θ can be calculated as,

Θi ti
� �

¼Θi 0ð ÞþΩc ti
� �

ð20Þ

5.2. Signal processing procedure used to estimate β and n

It is not possible to have a direct method to estimate the impact damping parameters because of their inter-relationship
with the measured acceleration and reaction forces. Hence they are identified using an indirect method of comparing the
experimental data for each impact with the results from an analytical model with trial values of β and n which is defined as
simulation S1 (where S1 represents simulation with trial values). To aid in the comparison process, the FiλðtiÞ during contact
(0otiotia) is calculated from the measured data using the force balance as,

FiλðtiÞ ¼mblg €αðtiÞþNi
xðtiÞ sin αiðtiÞ

� �
þ Ni

yðtiÞþFisðtiÞ�mbg
h i

cos αiðtiÞ
� �

ð21Þ

Here FisðtiÞ is calculated from Eq. (10) by replacing α(t) with αiðtiÞ. Also the maximum amplitude of response αi
m

� �
is cal-

culated as the following where ‘max’ is a function that returns the maximum value of a set of inputs,

αi
m ¼ max αiðtiÞ

� �
ð22Þ

The results of simulation S1 are obtained for each impact event by solving the equations of motion of the contact sub-
event (Eq. (16)) with αið0Þ and _αið0Þ as initial conditions from the experimental data of the impact event, followed by the
equation of motion in the non-contact sub-event (Eq. (9)) until tS1 ¼ tie (superscript S1 represents results with simulation
S1with trial values of β and n for the corresponding impact event). Simulation S1 is conducted using different trial values of β
and n for each impact event to compare with the experimental results. Similar to the experimental results Fλ

S1 ðtS1 Þ; ψ S1
i ðtS1 Þ

and αS1
m are estimated for each simulation. For the purpose of comparing the experimental results with that of simulation S1

three different residues are formulated and analyzed (for error and sensitivity) to pick the best residue for the parameter
evaluation. The residues are defined as follows:

Λ1 ¼
αS1
m �αi

m

��� ���
αi
m

; ð23aÞ

Λ2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR tie
0 FiλðtÞ�FS1λ ðtÞ
� �2

:dt

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR tie
0 FiλðtÞ
� �2

:dt

r ; ð23bÞ

Λ3 ¼
H
Fiλðψ i

iÞ:dðψ i
iÞ�

H
FS1λ ðψ S1

i Þ:dðψ S1
i Þ

��� ���H
Fiλðψ i

iÞ:dðψ i
iÞ

ð23cÞ

The maximum response of the system after the impact is the criterion considered for the first residue (Λ1). The second
residue (Λ2) is based on the root mean square difference in the contact forces from the experiment and the simulated data
in time-domain, while the third residue (Λ3) uses the area under the hysteresis loop. The appropriate numerical values for β
and n are identified based on the impact damping model which gives the minimum value of the average of the residues of
all impact events. The estimation procedure can be based on either of the residues. Hence the accuracy of the estimation
process using these residues will be discussed in Section 6.

The overall process of estimating β and n is described below as a step-by-step procedure.
Step 1: Accurate time histories of αiðtiÞ, _αiðtiÞ and €αiðtiÞ are obtained by adopting the signal processing procedure as

explained in Section 5.1. Step 2: The contact force from the experiment (FiλðtiÞ) is calculated using Eq. (21). Step 3: Some trial
values of β and n are assumed. Step 4: Response of simulation S1 is obtained with the αið0Þ and _αið0Þ as initial conditions, (for
contact sub-events and then the non-contact sub-event) to estimate Fλ

S1 ðtS1 Þ; ψ S1
i ðtS1 Þ and αS1

m . Step 5: Steps 3 and 4 are
repeated for various trial values of β and n. Step 6: Best residue (among Λ1, Λ2 and Λ3) is chosen based on error and
sensitivity analyses (as explained in Section 6). Step 7: The measurement dataset is compared with the results of a different



Table 1
Selected parameters for the cam–follower experiment.

Parameter Numerical value and units

mb 0.257 kg
rc 17.5 mm
Ib 3300 kg mm2

lg 173 mm
la 63 mm
lb 86 mm
wb 12.7 mm
rd 3.2 mm
ks 3319 N/m
Lus 53 mm
dx 35 mm
dy 58 mm

PE
�! 89 mm êxþ27 mm êy

Yc, Yb 210 GPa
νc, νb 0.3
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c
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Fig. 3. Regimes of contact and impact for the system (with parameters given in Section 6.1) via Ωc vs. e/rc. Key: , operational points (with periodic
impacts) selected for the purpose of error analyses.

S. Sundar et al. / Mechanical Systems and Signal Processing 81 (2016) 294–307300
S1 simulation (as a result of step 5) based on the chosen residue. The trial values of β and n for the simulation that yields the
least residue. These will be selected the impact damping parameters for Eq. (2)
6. Error and sensitivity analyses of the proposed estimation procedure

6.1. Error analysis

Before employing the procedure discussed in Section 5, the robustness (using error analysis) and accuracy (using sen-
sitivity) of the procedure have to be critically studied. The purpose of these analyses is purely to get the best residue for the
parameter estimation discussed in Section 7. The robustness can be better understood by the error in the residues for an
ideal case, since an indirect method of comparison is being employed for the estimation process. Next S2 simulation (with
known values) is defined for conducting error and sensitivity analyses; note that S1 is performed with trial values of
damping parameters while S2 is conducted with known values (defined as βS2 and nS2 with superscript S2). The force and
acceleration time-histories from simulation S2 are used instead of the experimental data in the procedure discussed in
Section 5. The residues are calculated using the simulation S1 with βS1 ¼ βS2 and nS1 ¼ nS2 . Ideally all three residues should be
0, but that is not the case due to the approximations in the estimation procedure.

The parameters selected for the cam–follower experiment for an accurate estimation of impact parameters are listed in
Table 1. Inverse kinematic analysis discussed by Sundar et al. [9] is employed for the current system with the given para-
meters to obtain the regions on impact on an e/rc vs.Ωc map as shown in Fig. 3. Table 2 gives the average residue per impact,
calculated using simulations S1 and S2 with βS1 ¼ βS2 ¼24.7 GN s m�2.5and nS1 ¼ nS2 ¼1.5 for different values for e/rc and Ωc

in the impact regime (shown in Fig. 3). As observed, the residues for all cases are very low, which shows that the estimation



Table 2
Comparison of average residues per impact (Λ1, Λ2 and Λ3) using two simulations (S1 and S2) with βS1 ¼ βS2 ¼24.7 GN s m�2.5 and nS1 ¼ nS2 ¼1.5.

e/rc Ωc (Hz) Average Λ1 Average Λ2 Average Λ3

0.05 23 0.0056 0.0849 0.0024
0.10 18 0.0361 0.1032 0.0033
0.15 17 4.75�10�7 0.0703 0.0041
0.20 16 0.78�10�7 0.0728 0.0039
0.25 15 1.65�10�7 0.0834 0.0043
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Fig. 4. Comparison of hysteresis loops for single impacts during simulation S2 (βS2 ¼24.7 GN s m�2.5 and nS2 ¼1.5) and simulation S1 (βS1 ¼ βS2 and
nS1 ¼ nS2 ) given e/rc¼0.2 and Ωc¼16 Hz. Key: , simulation S1; , simulation S2.

Table 3
Comparison of normalized average residues per impact (Λ1 ,Λ2 , and Λ3 ) using simulation S2 (βS2 ¼24.7 GN s m�2.5 and nS2 ¼1.5) with e/rc¼0.2 and
Ωc¼16 Hz. (a) For different values of βS1 in the proximity of βS2 with constant value of nS1 ¼ nS2 ; and (b) for different values of nS1 in the proximity of nS2

with constant value of βS1 ¼ βS2 .

a) For different values of βS1 in the proximity of βS2 with constant value of nS1 ¼ nS2

Normalized residue βS1 ¼ 0:98βS2 βS1 ¼ 0:99βS2 βS1 ¼ βS2 (Ideal case) βS1 ¼ 1:01βS2 βS1 ¼ 1:02βS2

Λ1 1.17�105 0.582�105 1 0.574�105 1.14�105

Λ2 0.94 0.95 1 1.05 1.06

Λ3 0.95 0.96 1 1.05 1.06

b) For different values of nS1 in the proximity of nS2 with constant value of βS1 ¼ βS2

Normalized residue nS1 ¼ 0:98nS2 nS1 ¼ 0:99nS2 nS1 ¼ nS2 (Ideal case) nS1 ¼ 1:01nS2 nS1 ¼ 1:02nS2

Λ1 17.24�105 8.94�105 1 9.42�105 19.2�105

Λ2 2.49 1.67 1 0.76 1.16

Λ3 2.07 1.52 1 0.49 0.0086
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procedure is very robust for these examples. Also, it can be inferred that as e/rc increases, Λ1 reduces and reaches a
minimum at e/rc¼0.2 and starts increasing again. With the increase in e/rc the signal to noise ratio increases; hence Λ1

reduces, but for very high values of e/rc the system operates close to a chaotic state. The noise here might be from
experimental measurements or from the numerical error (in solving equations of motion). Similar trends are not observed in
the cases of Λ2 and Λ3. As observed, the values of Λ1 are the lowest, followed by Λ3, with Λ2 being the highest. Fig. 4
compares sample hysteresis loops of simulations S1 and S2 for a case with e/rc¼0.2, where Fiλ ¼ Fiλ=F

�
λ and ψ i

i ¼ψ i
i=ψ

�
i . It is

observed that for this case, a point contact with a maximum value of Fλ during impact is about three orders of magnitude
greater than F�λ while the maximum value of ψi during impact is only about two orders of magnitude greater than ψ�

i . This
suggests that, contact force grows at a faster rate compared to the indentation during impact. Even for an ideal case a very
good match is not found in the hysteresis loop for low values of indentation. The relative accuracies of the residues in
estimating the damping parameters should not be decided from the Λ values in Table 2 but from the sensitivity of these
residues to variation in β and n. Hence it is analyzed next.
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Fig. 5. Measured time histories with e/rc¼0.13 and Ωc¼14 Hz (with other parameters given in Section 6.1). (a) Normalized reaction force along êx;
(b) normalized reaction force along êy; and (c) angular acceleration of the follower.
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6.2. Sensitivity analysis

Table 3a gives the values of normalized residues (Λ) for simulation S2 (β
S2 ¼24.7 GN s m�2.5 and nS2 ¼1.5) and simulation

S1 with nS1 ¼ nS2 with different values of βS1 in close proximity of βS2 . The residues are normalized based on its value when
βS1 ¼ βS2 . The sensitivity of the residues to a change in β can be understood from this table. It can be easily inferred that Λ1

has a very high sensitivity even to a very small change in the value of β compared to that of Λ2 and Λ3. Also, ideally, Λ
should be lowest for βS1 ¼ βS2 , but that is not the case with Λ2 and Λ3, which may lead to an incorrect estimation of β. A
similar analysis is performed to study the sensitivity of residues to a change in n and the result is shown in Table 3b.
Compared to the other two residues, Λ1 is more sensitive to changes in n. Also, unlike Λ1, the lowest value does not occur at
nS1 ¼ nS2 for Λ2 and Λ3. Thus Λ1 is more accurate than other residues, and hence it will be used in the estimation of the
impact damping model for the experimental system. Note that the estimation procedure using Λ1 uses only the measured
acceleration and not the forces.

The reasons for the inaccuracies of Λ2 and Λ3 are as follows. The residue Λ2 is inaccurate because it is based on the
calculated Fλ during the impact which is for a very short time period. Since Λ2 uses the integration of Fλ over time even a
small error in the estimation of Fλ is magnified in the residue calculation. The residue Λ3 is based on a hysteresis loop where
Fλ is plotted against ψi which is very small in magnitude (o50 μm) during contact compared to the magnitude of ψi

(�20 mm) during non-contact. Moreover, ψi(t) is calculated using α(t) which has some error caused by numerical inte-
gration. Hence, even a small error in the estimation of ψi results in a very high error in the hysteresis loop. Thus, the
sampling rate of data acquisition must be much higher (than the one which is used in this experiment) to employ Λ2 or Λ3

in the estimation procedure.
7. Estimation of impact damping parameters from measurements

The procedure discussed in Section 5.2 had been employed to estimate the impact damping model parameters for the
experimental system shown in Fig. 1. The experiment was conducted for a given value of e/rc and Ωc is slowly increased
until one impact per revolution of the cam is achieved. The distinct impacts are visible in the time histories of the nor-
malized measured reaction forces (NxðtÞ ¼NxðtÞ=F�λ,NyðtÞ ¼NyðtÞ=F�λ) and measured acceleration shown in Fig. 5 from which
T is obtained and its relationship with 1/Ωc is verified. Fig. 6 shows normalized reaction forces and acceleration data
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Fig. 7. Comparison of the hysteresis loops from measured data of Fig. 6 and simulation S1 (with impact damping model; βS1 ¼49.3 GN s m�2.5 and
nS1 ¼1.5). Key: , measured; , simulation S1.
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measured during the contact sub-event of a sample impact from the experiment with e/rc¼0.13 and Ωc¼14.05 Hz (with
measured T¼0.0712 s), with all other parameters being the same as given in Section 6.1, where the normalized time is given
by ti ¼ ti=tia. The values of the impact damping parameters identified using minimization of Λ1are β¼92.6 GN s m�2.55 and
n¼1.55 (note that the unit of β depends on the numerical value of n, since β ψ i

�� ��n _ψ i should have the units of force). The
estimated value of n from the experimental data agrees closely with n¼1.5 which would fit the contact force formulation of
Fλ ¼ Fk 1þκ _δ

� �
:, which is used by many researchers [21,23–25]. Hence the same procedure is followed by forcing n¼1.5 and

β is evaluated as 49.3 GN s m�2.5. Fig. 7 shows a comparison of the contact forces of sample impact from the experimental
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Fig. 8. Comparison of the hysteresis loops from measured data of Fig. 6 and simulation S1 (with viscous damping model; nS1 ¼0 and βS1 ¼1.47 kN s/m)
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data and the simulation S1 (with βS1 ¼49.3 GN s m�2.5 and nS1 ¼1.5). As can be inferred, though the damping parameters
have been selected based on the αm there is a good match in the shape and peak value of the contact force. Also it is very
important to note that for a very small change in the value of n (about 3%) there is a very significant change in the estimated
value of β of about 46%. Hence n is more critical than β in the impact damping formulation. Instead, if n is taken as 1.45, β is
estimated as 29.3 GN s m�2.45. The experiment was repeated with different values of e/rc and Ωc and the same estimation
procedure was been followed to obtain β and n values. Since the estimated values of β and n were consistent, the
repeatability of the experiment and the accuracy of the estimation procedure are validated. Also, Sundar et al. [9] estimated
the values of κ for a similar system under dry conditions ranging from 3.25 s/m to 4.25 s/m which are comparable to
κ¼3.8 s/m to 6.5 s/m (for n¼1.45 to 1.5, respectively) for the current system.

To check if a viscous damping model can be used to represent an impact event, n is forced to be 0 and the same
procedure is followed to obtain β¼1.47 kN s/m. A sample hysteresis loop comparing the experimental data and simulation
S1 (with nS1 ¼0 and βS1 ¼1.47 kN s/m) for the same is shown in Fig. 8. As it can be easily inferred there is a very clear
variation in the shape of the hysteresis loops. Furthermore, Fλ goes to a negative value (tensile force) for part of the loop
which is impractical; hence a viscous damping model is not a good approximation to model impacts.
8. Equivalent coefficient of restitution and justification of damping parameters

8.1. Governing equation

An equivalent coefficient of restitution ξ is defined by the ratio of velocity of recession to the velocity of approach (va),
and for the current system it is defined as follows:

ξ¼ � _ψa
i

_ψ b
i

: ð24Þ

Though a few prior researchers [9,35] have assumed ξ to be a constant value, a more generalized model of the form is
considered in this article as:

ξ¼ 1�γva: ð25Þ

Here, ξ decreases with va at a constant rate of γ, as suggested by Hunt and Crossley [24]. Instead of using Eq. (16) in the
contact regime (for the contact mechanics formulation), this ξ formulation is used to calculate the state of the system after
the impact (with superscript a) using the state of the system just before impact (with superscript b). Since va¼ _ψ b

i

��� ���, Eq. (25)
is rewritten as:

ξ¼ 1�γ _ψb
i

��� ���: ð26Þ

From Eqs. (24) and (26) the velocity of separation is calculated as _ψ a
i ¼ � _ψb

i 1�γ _ψb
i

��� ���� �
. The state of the system before

impact is obtained from the response of the system in the non-contact regime when ψi(t)¼0. Rearranging Eq. (7) _αa is



Table 4
Error in the estimation of ξ model using time histories from simulation S3 (γS3 ¼0.8 s/m).

e/rc Ωc (Hz) Estimated γ (s/m) % error¼ _γ � γr

γr

��� ���� 100

0.05 23 0.8 0
0.10 18 0.799 0.13
0.15 17 0.8 0
0.20 16 0.76 5.0
0.25 15 0.8 0

i
av
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Fig. 9. Variation in estimated ξi with _ψb
i given e/rc¼0.10 and Ωc¼18 Hz. Key: , simulation S3 (γS3 ¼0.8 s/m); , estimated ξ model with

γ¼0.80 s/m (using least square curve-fit).
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calculated as

_αa ¼ _ψ a
i þe cos αaþΘa� � _Θ

χ0 cos αa�α0
� �� rcþ0:5wbþ2rdð Þ sin αa�α0

� �
þe cos αaþΘ0

� �
� cos αaþΘa� �h i : ð27Þ

Mathematically, in ξ formulation the system is in contact just for a single instant, and hence αa andΘa are approximated
by their corresponding values before impact.

8.2. Estimation of the equivalent ξ model

Unlike the estimation of impact damping, a direct method can be employed to estimate ξ. Since the state of the system
just before impact (with superscript b) is needed for this purpose, it is calculated using a numerical backward difference
technique as given by the following equations,

αb ¼ αið�τÞ ¼ αið0Þ�τ _αið0Þ; ð28aÞ

_αb ¼ _αið�τÞ ¼ _αið0Þ�τ €αið0Þ; ð28bÞ

Θb ¼Θið�τÞ ¼Θið0Þ�τ _Θ
ið0Þ ð28cÞ

Velocity of approach ( _ψb
i ) is calculated from Eq. (7) by replacing α(t), _αðtÞ andΘ(t) with αb, _αb andΘb, respectively, while

the velocity of separation ( _ψ a
i ) is the value of _ψ i

iðtÞ when _αiðtÞ reaches maximum. Using Eq. (25), ξi is estimated for each
impact. From ξi and( _ψ a

i ), γ is identified using least square curve-fitting technique.
An analysis similar to the one discussed in Section 6.1 has been performed to evaluate the error in the estimation of ξ.

Simulation S3 is defined for a coefficient of restitution model similar to S1 and S2 simulations for the impact damping model.
Force and acceleration time histories from S3, with known γS3 ¼0.8 s/m (other parameters are the same as given in Section
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6.1) is taken as reference. The ξi is estimated for each impact for cases with different e/rc. The estimated γ and the % error
associated with its estimation are given in Table 4. It is inferred from the magnitude of errors that this procedure yields very
accurate γ for all the cases of e/rc. Fig. 9 shows the variation of ξi with via on a normalized basis (on a scale of 0–1), for a
sample case with e/rc¼0.1 andΩc¼18 Hz. The normalized ξi and via are calculated as follows, where ‘min’ is a function that
returns the minimum value of a set of inputs,

ξi ¼ ξi� minðξÞ
maxðξÞ� minðξÞ; ð29Þ

via ¼
via� minðvaÞ

maxðvaÞ� minðvaÞ
: ð30Þ

Fig. 9 also shows the ξ model estimated using the least square curve-fitting technique with γ¼0.80 s/m.
For the same measured data (shown in Fig. 5), ξi is estimated for each impact using the procedure (discussed in Section

8.2) and the results are shown on a normalized basis (using (Eqs. (29) and 30)) in Fig. 10. The least square curve-fitting
technique was applied to estimate γ as 0.76 s/m using the measured data, and line fit is also shown in Fig. 10. The average of
the estimated ξ for all impacts is 0.75 with a velocity of approach of 0.34 m/s which is similar to the value of ξ¼0.65
reported by Seifried et al. [33] for va of 0.3 m/s, under similar impacting conditions.

8.3. Justification of the estimated impact damping parameters

The relationship between coefficient of restitution and impact damping formulations has been derived by Hunt and
Crossley [24] for vibroimpacts. Using this formula the equivalent β for the estimated γ (0.758 s/m) is obtained as
9.1 GN s m�2.5, which is comparable to the values estimated experimentally in Section 7 (49.3 GN s m�2.5 for n¼1.5 and
29.3 GN s m�2.45 for n¼1.45). Some reasons for the difference between the β values are: a) Hunt and Crossley [24] derived
the relationship for vibroimpacts under dry conditions assuming pure metal to metal contact, but the experiments were
under lubricated condition; b) even a small change in n value affects β significantly; and c) the ξ concept has an inherent
drawback [9,23] and hence the experimental estimation of γ might have some inaccuracies. Taking these points into con-
sideration, the estimated values for impact damping parameters are justified on an order of magnitude basis.
9. Conclusion

The chief contribution of this study is the design of a controlled new cam–follower experiment (having periodic impacts
to accurately measure dynamic forces and motion during impacts) along with the development of a computational method
to estimate the impact damping parameters from measurements. Related minor contributions are as follows. First, a novel
time-domain based technique to estimate α(t) is developed, which minimizes the effect of errors associated with the
numerical integration. Second, a new signal processing procedure is developed which utilizes only the measured accel-
erations to estimate the impact damping parameters. Finally, an improved understanding of the impact damping is obtained
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by answering all the relevant questions (stated in Section 2) in the context of a cam–follower system. The proposed signal
processing procedure (using Λ1) does not require any force measurements; hence it could be extended to other mechanical
systems. However, the chief limitation of this study is the indirect estimation of impact damping model; thus future work
may be directed towards development of a direct method, possibly for a line contact.
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