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Recently Krak and Singh (2017) proposed a scientific experiment that examined vibro-
impacts in a torsional system under a step down excitation and provided preliminary mea-
surements and limited non-linear model studies. A major goal of this article is to extend
the prior work with a focus on the examination of vibro-impact phenomena observed
under step responses in a torsional system with one, two or three controlled clearances.
First, new measurements are made at several locations with a higher sampling frequency.
Measured angular accelerations are examined in both time and time-frequency domains.
Minimal order non-linear models of the experiment are successfully constructed, using
piecewise linear stiffness and Coulomb friction elements; eight cases of the generic system
are examined though only three are experimentally studied. Measured and predicted
responses for single and dual clearance configurations exhibit double sided impacts and
time varying periods suggest softening trends under the step down torque. Non-linear
models are experimentally validated by comparing results with new measurements and
with those previously reported. Several metrics are utilized to quantify and compare the
measured and predicted responses (including peak to peak accelerations). Eigensolutions
and step responses of the corresponding linearized models are utilized to better under-
stand the nature of the non-linear dynamic system. Finally, the effect of step amplitude
on the non-linear responses is examined for several configurations, and hardening trends
are observed in the torsional system with three clearances.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

In a recent article, Krak and Singh [1] developed a controlled, non-rotating type tabletop laboratory experiment to acquire
benchmark step response measurements for a torsional system with one or two clearances. Preliminary measurements and
non-linear models were presented (under step down torque input) to verify the scientific utility of experiment. The goal of
this article is to extend the prior work [1] by making additional measurements with a higher sampling frequency, and to

validate non-linear models and quantify

the vibro-impact behavior. The torsional system is computationally generalized

to include up to three clearances so that various non-linear configurations may be examined under alternate step excitations

profiles.
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Discontinuous non-linear elements (including backlashes and multi-valued spring) introduce vibro-impacts in many
practical systems [2-13]. Prime examples of typical noise and vibration problems in automotive systems include gear rattle
and driveline clunk [2,5,14-25]. In particular, the neutral or drive gear rattle is observed in automotive drivetrains with sev-
eral gear pairs with backlash elements when excited by a pulsating torque with minimal mean (constant) torque [2,5,14-16].
In contrast, the clunk problem is associated with a rapid change in or reversal of the mean torque due to sharp throttle
demand in vehicles (for instance under abrupt tip-in or tip-out conditions); it leads to high amplitude non-linear torsional
motions and impulsive loads in the system [17-25]. Several researchers have attempted to experimentally [8,9,17,20,23,26]
and/or computationally [20-27] address these problems. Three types of commercial non-linear codes have essentially been
used: finite element method, multi-body dynamics or 1-D multi-physics type calculations [20-27]. Other investigators have
employed minimal order lumped parameter models where key non-linear or piecewise linear stiffness and friction/damping
elements are described [17-20,27]. Although prior studies with real world components provide system level insights to solve
particular noise and vibration problems, they do not yield a fundamental understanding of the underlying physics associated
with multiple clearances. In addition, while there are many investigations on the steady state responses of strongly discon-
tinuous systems [6,7,28-32], the literature on the transient responses of such mechanical system is sparse [16,17,27]. This
motivated Krak and Singh [1] to develop a new experiment that isolated the pure clearance elements in a controlled manner;
this article is a continuation of that effort.

To overcome the stated deficiencies of the literature, the following major objectives are formulated: (1) Conduct new
measurements on the experiment described by Krak and Singh [1] with a higher sampling frequency at several sensor loca-
tions, and examine time or time-frequency domain characteristics (such as their time-varying periods) of single and dual
clearance systems under step down torque excitation; (2) Develop and validate minimal order non-linear models and pro-
vide some explanations using eigensolutions and step responses of the corresponding linearized system; and (3) Investigate
several impulsive response metrics (as reported in the literature for the clunk problem [18,19]) and examine the role of step
excitation profile and amplitude on the nature of vibro-impact phenomena.

2. Problem formulation and non-linear model
The problem posed by Krak and Singh [1] is generalized, in the context of a minimal order non-linear system, to accom-

plish the stated objectives. Consider a three degree of freedom (3DOF) positive-definite torsional system with three possible
clearance non-linearities as displayed in Fig. 1a. The torsional inertia is given by J, with subscripts A, B and C denoting their

locations. The angular displacement, velocity and the angular acceleration variables are given by {0(t), 0(t), 0(t)} where t is

kAB (GAB) kBC (935) kC (BC)

T,(t) 7+L 7-|_L 7+L

(a) Ja

b
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4

Fig. 1. Example case: 3DOF torsional system with three possible clearance and four Coulomb friction elements. (a) Schematic of the torsional system; and
(b) elastic torque, @(0), relationship at the clearance non-linearity. Refer to Table 1 for the eight cases that are studied in this article.
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the time. While the subscripts A, B and C are used to describe the absolute motions, subscripts AB and BC signify the relative
motions such as 043 = 04 — 0 and Oz = 03 — Oc. Four Coulomb friction elements are included in Fig. 1a as well. The non-linear
governing equations for the system are expressed below, where @ and ¥ are the elastic and dissipative torque terms
respectively:

Ja04 + Pa(0n) + Pap(0) + Pap(0ap) = Ta(t),
_]BéB - "PAB((:)AB) + TBC(GBC) — Dpp(0ap) + Ppclpc =0, (la-c)
]Céc — 'ch(é)gc) + ‘Pc(é)c) — @DpcOpc + (DC(GC) =0.

The external transient torque T,(t) is applied only at location A. The elastic torque term for the clearance non-linearity

between the i and j™ inertial elements is described by a piecewise linear stiffness kij(6;5) with two stages (I and II) as shown
in Fig. 1b:

kij(05) = ki + (kn — ki) Z(|05] — ©). 2)

In the above equation, Z is the unit step (Heaviside) function and stage I is the clearance or gap with the stage transition
occurring at an angular displacement of +6,. Stage Il is assumed to be given by a linear spring element as the Hertzian type
contact is ignored in this paper. The elastic torque, ®;(0;) as displayed in Fig. 1b, is defined as:

@;i(0y) = ki0y + sgn(0y) (ki — ki) (|05 — O1)sgn(|0y] — O). ()

Here, sgn(f) = #/|6] is the well-known signum function, employed to take the relative direction of motion into consider-
ation. Each dissipative element (h) is modeled by the following hysteretic Coulomb friction as:

¥;i(0y) = hj tanh(a0;). (4)

In the above equation, a hyperbolic tangent approximation (with ¢ as the regularizing factor) is utilized to smoothen the
transition and reduce the computational effort [33]. The ideal step excitation (down or up) is mostly considered in both
experimental and computational studies. It is defined below using the initial, Ty and final, Ty torques as:

Ta(t) = To[1 — 5(t)] + TrE(t), t > 0. (5)

Since it would be difficult to apply an abrupt excitation in physical systems, a step-like excitation is also considered. The
exponentially decaying excitation is described below where the parameter f is used to adjust the decay rate:

Ta(t) = [1 - 2(t)] + e *5(0). (6)

Eight subsets of the torsional system of Fig. 1a, as listed in Table 1, are considered. Case I is a linearized system where all
three elastic elements are in stage II; this case is also denoted as a no clearance system. Here, the dry friction damping ele-
ments may be linearized or replaced with equivalent viscous damping coefficients. Case Il includes only one clearance non-
linearity at AB and a linear compliant spring at BC. In contrast, the single clearance non-linearity is now included at C for Case
III. Further, two clearances are included in Cases IV, V and VI; these clearances are at BC and C in Case IV, at AB and C in Case
V and at AB and BC in Case VI; the linear spring element is at location AB in Case IV, BC in Case V and C in Case VI. Note that
Case VIl is an effective single degree of freedom (SDOF) configuration with a single clearance non-linearity between an effec-
tive inertial element and the ground. Finally, Case VIII includes three clearances concurrently as shown in Fig. 1a. All config-
urations (except Case I) consider non-linear dry friction elements as defined by Eq. (4).

To define an underlying time period, Case I is simplified as an effective SDOF linear system by grounding J- and rigidly
connecting J- and J;. The effective (with subscript ‘e’) torsional inertia is J, = J, +Jz and the spring element at location BC
is linear. The governing equation is given by:

Jobe + Cb + ksl = Ta(t). )

Here the dry friction damping is replaced with an equivalent viscous damping coefficient C. The natural period
Tu(= 27/wy) of this SDOF system is as follows, where w, is the natural frequency (rad/s):

Table 1
Eight cases of the 3DOF non-linear system (Fig. 1) examined using computational and experimental methods.
Case Number of clearances and location(s) Effective order of system Experimental evaluation (Fig. 2)
[ 0 3DOF No
11 1 (AB) 2DOF Yes
i 1(C) 2DOF Yes
v 2 (BC and C) 3DOF No
\% 2 (AB and C) 3DOF Yes
VI 2 (AB and BC) 3DOF No
VII 1 (AB) SDOF No

VIl 3 (AB, BC and C) 3DOF No
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_ Je
T =2m e 8)

This 7, is used to normalize the time and motion variables which are described by a bar above the symbol. The normal-
ized time (f), acceleration (0(f)), velocity (0(f)) and displacement (0(f)) are described as:

St () gL 6O 7L (DT

t_,L._n7 el(t)_ﬁ, 01(0_7}’ el(t)_ @’ .

The external torque expression is also normalized using the initial torque value (T, at t = 0) or a comparable step height
as:

(9a-d)

t>0. (10)

3. Experimental studies

The experiment proposed by Krak and Singh [1] is designed to implement only a few subsets of Fig. 1a and Table 1. These
include the system with one and two clearances corresponding to Cases II (or III) and IV respectively. Since only the prelim-
inary measurements were reported in [ 1], the system has been reassembled and additional measurements are acquired and
analyzed as part of this article. Unlike the previous study [1] that limited the sampling frequency to 12.8 kHz, a much higher
sampling frequency (51.2 kHz) is selected to ensure that the impulsive responses are adequately captured [34].

The experiment of Fig. 2a consists of a torsion arm that is rigidly connected to the disks and shaft. An electromagnetic
mass drop arrangement is attached to the torsion arm and is used to provide the step down Tx(t) excitation [1]. The elec-
tromagnetic mass drop (m) coupled with the length of the torsion arm (I) produces the initial torque Ty = 0.5mgl where g

Electromagnet Torsion arm Bearing
with additional Shaft Jaw coupling
mass

hub with
key/keyway

- Baseplate

(b)

Torsional springs
Al <\

Fig. 2. Experiment used to implement the non-linear torsional system of Fig. 1a and to study step down responses. (a) Solid model displaying various
components; and (b) finite element model of the experiment and locations of the translational accelerometers used for measurements (A1, A2, A3, B1 and
C1).
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is the acceleration due to gravity. A set of disks are symmetrically attached at the ends of the torsion arm (for ease in place-
ment of the mass drop) so that the final torque value, Ty, is close to zero. Two identical jaw coupling hubs are coupled
through a set of six torsional springs. The experimental system is lumped (like Fig. 1a) into three inertial bodies (J,, J;
and J.) where J; and J are the coupling hubs with J- being closer to ground. The element J, includes the inertias of the shaft
coupled with the torsion arm, disks and shaft collars. The second coupling hub is fixed to the base using a steel plate. Keys
and keyways on the shaft become the sources of two clearances (kaz(045) and kc(6¢)) as they interface with the coupling hubs.
The shaft collars are used to assemble the system and also to improve the alignment of the shaft bearing and the coupling
hubs. This process tends to reduce the dry friction as well within the torsional system. Further, a Teflon sheet is used
between the sliding surfaces to minimize the friction.

A finite element model of the experiment is shown in Fig. 2b. The shaft is balanced on a sleeve bearing, and is constrained
in the radial direction as indicated by the arrows in Fig. 2b. The vibration modes of the experimental set up are computed by
a finite element code [35]. The analysis indicates the presence of 4 flexural modes of the torsion arm between 310 Hz and
620 Hz, two torsional modes of the arm at 1690 Hz and 1720 Hz followed by a flexural mode of the shaft at 2000 Hz. Coupled
shaft and arm flexural modes are found beyond 2000 Hz.

The set screws are loosened or tightened so as to implement three specific Cases (II, IIl and IV) of Table 1. The vibro-
impact phenomena are measured for the three configurations (two with a single clearance and one with dual clearances)
using five translational accelerometers [36]. As illustrated in Fig. 2b, locations are as follows: A1 on the torsion arm, A2
and A3 on the shaft collars and B1 and C1 on the two coupling hubs. Other cases of Table 1 are only computationally
examined.

First, consider Case II that includes only one clearance non-linearity at AB and a linear compliant spring at BC. It is exper-
imentally implemented first by loosening the set screw on J; creating a clearance between inertial elements A and B
(Pa(04p)). The set screw on J. is tightened thus effectively grounding C. The torsional springs between the coupling hubs
B and C (kpc0p) are assumed to be linear. The resulting system could be described by an effective two degree of freedom
(2DOF) system where J, and J, are rigidly connected to form the J, + J; element. The governing equations of motion, in
the normalized form, are obtained from Egs. (1), (8) and (9) as follows:

JAEA + 'I’A(éA) + 'PAB(éAB) + Pap(0a5) = T(F),
J505 — Va5 (0ns) + Pc(Opc) — Pag(Oas) + kiclp = 0.
Next, Case Il of Table 1 (again with a single clearance) is achieved by tightening the set screws on J;, creating a rigid link
between A and B, and then loosening the set screw on J, creating a clearance between C and the ground (®¢(6¢)). The step

down torque excitation is now applied to the combined inertia of A and B. The equations of motion (in the normalized form)
for this 2DOF system are:

(11a-b)

Jobe + Pa(0e) + Pac(0e) + kacle = T(E),
Jcbc — Wac(Opc) + Pe(Oc) — kpcOpe + @c(Oc) = 0.

Finally, Case V of Table 1 (with two clearances) is implemented by loosening both sets of screws on J, and ] thereby cre-
ating clearances at locations AB and C respectively. The non-linear governing equations for the 3DOF system are defined as:

(12a-b)

Jaba + Pa(0n) + Pas(Oas) + Pas(0a5) = T(D),
_]BéB - lI/AB(éAB) + lPBC(éBC) — ®yp(0ap) + kpcOpc = 0, (13a-c)
Jcéc — 'ch(égc) + 'Pc(éc) — kBC@BC + (pc(éc) =0.

The signal from each translational accelerometer is converted into angular acceleration by dividing the measured accel-
eration by its radial distance [1]. In addition to examining the measurements in the time domain, the Short Term Fourier
Transforms (STFT) of the accelerations, S{#(n,At)} are estimated where At is the time resolution and n is the sequence index.
The resulting spectrograms [37] are calculated with the Hamming window where the key sampling parameters include a
frequency resolution (Af) of 25 Hz and a time resolution (At) of 80.1 ps. The STFT results are further verified by the Fast Four-
ier Transform 7 (f,,;) with a frequency resolution of 0.8 Hz and a signal length of 65,536 discrete points of the time history

say at the j"’ location; here, the subscript ‘w’ denotes that the Hanning window is used to weight the acceleration signal. Note
that no window is utilized for acquiring time domain results unless needed for a metric calculation.

Analysis of the accelerations, at the torsion arm (A1) indicates that it picks up signals mostly below 50 Hz which corre-
spond to the rigid body modes of the experimental system (including its base) and hence signals from location Al are not
used any further. The measured accelerations on the shaft and shaft collars (using sensors A2 and A3 respectively) yield a
wideband spectrogram peaking around 2000 Hz indicating that higher natural modes are being excited. The lumped tor-
sional model of Fig. 1a (as defined in Section 2) obviously does not predict any such elastic deformation modes. Therefore,
measurements from A2 and A3 locations are not considered for the validation of the non-linear model. Further, measured
spectrograms from the coupling hubs (B1 and C1) indicate that modes between 700 and 900 Hz are being excited. From
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the eigenvalue problem of the linearized system (Case V, as discussed later in Section 6), two torsional modes of the system
are calculated to be 742 Hz and 770 Hz.

Typical time and frequency contents of the measured accelerations are shown in Fig. 3 for the dual clearance configura-
tion (Case V) at 5 locations. An additional accelerometer (B2) is placed orthogonal to B1 (rotated by 90°) to check for a vari-
ability in the measurements due to a preference of the circumferential location(s). A close match between accelerations B1
and B2 on the coupling hubs is found and this confirms that B1 measurements are suitable for the torsional system analysis.
Only measurements from B1 (or simply B) and C locations would be utilized further to validate the non-linear models (in
Section 4) and to quantify the impulsive metrics (in Section 5).

4. Experimental validation of non-linear models

The non-linear models, as given by Eqs. (11)-(13) for Cases II, IIl and V are first numerically solved [37] under a step down
torque input T = 1.0 to 0. The resolution of the resulting time array and the maximum allowable integration time-step are
chosen to correspond with the sampling period (19.5 ps) used in the new measurements. The resulting motion predictions
are compared with measurements in the normalized manner as defined by Egs. (9) and (10).

First, the dual clearance configuration (Case V) is examined in Fig. 4 to illustrate the angular displacement time histories
from the model; predictions of 043(f) in Fig. 4a and 0c(t) in Fig. 4c clearly show double sided impacts. Whenever 043(t) or 0c(f)
crosses the stage transitions at £6;, a double sided impact is generated. Similar observations are also made for the single
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Fig. 3. Spectrograms of measured angular accelerations with the experiment in the dual clearance configuration under step down excitation (T = 1.0 to 0).
(a) On the torsion arm (A1); (b) on the first shaft collar (A2); (c) on the second shaft collar (A3); (d) on the first coupling hub (B1); and (e) on the second
coupling hub (C). Refer to Fig. 2 for sensor locations and components.
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Fig. 4. Predicted time histories of relative angular displacements and dynamic torques for the dual clearance configuration (Case IV) under step down
torque (T = 1.0 to 0). (a) ap(F); (b) T4as(t) vs. 0ap(£); () Oc(€); and (d) Tac(£) vs. B¢ (t). Key: (=) - 6(0); (@) - 6(10); (—) - clearance transition; and (—) - non-
linear model.

clearance configurations (Cases Il and III) though their results are not displayed in Fig. 4 for the sake of brevity. Typical

dynamic torque, Ty, through the clearance non-linearity between the ith and jth inertial elements is defined using Eqs. (2)
and (3) as:

Tq(t) = @5(0y) + ¥(0y)- (14)

The T, value is also normalized by T, and is displayed in Fig. 4b and d. Observe that the initial and final dynamic torque

values reside in stage II and stage I respectively of the static k;;(0;) curve under the step down torque. The phase plane plots

for the relative displacements (f3) against corresponding relative velocity (045) are shown in Fig. 5a over f = 0 to 1.0 for one
single clearance configuration (Case II) and one dual clearance configuration (Case V). Observe the existence of two equilib-
rium points beyond the clearance transitions indicating that the system is well behaved as it does not stay much in the gap
regime; no chaos is observed. Comparisons of dynamic torque (T443) through clearance AB against relative angular displace-
ment (043) is shown in Fig. 5b and against t in Fig. 5d between Cases Il and V. The peak-peak acceleration amplitudes are
slightly higher in the single clearance configuration (Case II) than in the dual clearance case (Case V). Observe the linear
decay of impulsive amplitudes in Fig. 5c¢ indicating the presence of dry friction in the system.

Predicted accelerations are compared with measurements in Fig. 6 for Case V and in Fig. 7 for Cases II and III. Note that a
O, value of 0.1° is used at location C but a value of 0.15° is used at location AB, making the system slightly asymmetrical.
Note that reassembly of the experiment might have slightly changed the clearance values, which is common in practical sys-
tems with discontinuous non-linearities; the 0.1° clearances were assumed to be symmetric in the preliminary work

reported by Krak and Singh [1]. Comparisons suggest a good match between the measured and predicted § over f =0 to
10. The discrepancy between measured and predicted peak-peak amplitudes can be explained by the fact that an impact
damping formulation is not included in the non-linear model [13]. Another possible reason for such a mismatch might be
due to the computational issues given a strongly non-linear system since the ratio of k; to k; is unbounded. Further, mea-
sured and predicted peak-peak amplitudes are compared with preliminary studies reported by Krak and Singh [1] for the
following configurations: Case II at locations B and Case V at locations B and C. A large difference in the peak-peak ampli-
tudes might arise from the fact that the accelerations values were previously normalized [1] by Opc_maxT2, Where
Opc_max = To/ksc, whereas they are normalized (in this article) by using @, (Eq. (9d)). The peak-peak acceleration amplitude

of the impact is quantified in terms of metric Qs (see Section 5 for other metrics). For the j inertial element, at any particular
impact (say k), Qs is defined as Gfﬁ = max(éj7k) - min(éj‘k). Since a large dynamic range is observed in the Qs values, the log-
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Fig. 5. Comparison of responses between single clearance (Case II) and dual clearance (Case V) configurations given a step down torque (T = 1.0 to 0). (a)
0ap(E) vS. Oa(F) from £ =0 to 1.0; (b) Tgas vs. Oc(F); (c) first impact as predicted in 05; and (d) Tyap vs. T. Key: (==) - Case II; (—) - Case V; (—) - clearance
transition; and (=) - curve fits of the linear decay of peak amplitudes. Refer to Table 1 for the identification of the cases.

arithmic value is defined by 20log,,Q5, dB re 1.0 rad/s?. Table 2 compares all measurements and predictions when they are
normalized according to (Eq. (9)) and the prior acceleration values of [1] are rescaled. Only Qs values (rounded off to the
nearest dB) are summarized in Table 2. In general, new measured peak-peak acceleration values are slightly higher than
those reported by Krak and Singh [1] due to the higher sampling frequency used. For example, the absolute peak-peak accel-
eration of the first impact at location B for Case V as reported by Krak and Singh [1] is 26,713 rad/s> with a sampling fre-
quency of 12.8 kHz whereas it is measured to be 40,810 rad/s? using a sampling frequency of 51.2 kHz.

The non-linear responses are characterized by measuring the time-varying period, T, (os.) of impacts which is the nor-
malized time between impact number k and k + 2. The subscript ‘osc’ is used to indicate time varying nature as the termi-
nology used previously [1] is retained for the sake of consistency. The general form for a curve fit of measurements is given
by the following where the time variable is tosc = 0.5(tx2 + tx) and ag,a; and a, are the coefficients:

Tose = o + A1 Losc + A2 E2. (15)

For Case V, the coefficients at locations B (Fig. 8d) and C (Fig. 8c) are: ao = 1.045, a; = —0.013 and —0.01, and a, = 0.0059
and 0.0052 respectively. The curve fit results for Case II at location B (Fig. 8b) a Tosc(fosc) Te€: ap = 1.043, a; = —0.0263 and
a, =0.0071. For Case III (Fig. 8a), the coefficients at location C are: ay =0.982, a; = —0.0035 and a, = —0.0006. The curve fits
are compared in Fig. 8 with predicted time periods (at locations B and C) for each configuration. Trends from these compar-
isons for the step down torque indicate a net softening effect. Finally, a sensitivity analysis is conducted to investigate the
variations in predictions with changes in (a) k; (b) h; and (c) ®,. Comparison between the measured and predicted periods
are shown in Fig. 9. Observe that as @, increases, the predicted by the non-linear model match closely with measurements.
However, the predicted 7, (t.sc) are relatively insensitive to a variation in k or h indicating the critical role played by the
clearance in governing the non-linear dynamic responses. This observation is further reinforced by the results of a sensitivity
analysis where it is observed that the peak-peak values of the impacts reduce only by 0.2% in the nonlinear models when the
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Fig. 6. Experimental validation of the non-linear model for the dual clearance configuration (Case V) by comparing 5(?) under a step down torque (T = 1.0 to
0). () 84(F); (b) B5(F); and (c) ¢ (F). Key: (==) - measured; and (—) - predicted.

regularizing factor (o) is increased from 50 to 99 (smoother to sharper). Similar behavior is observed for the single clearance
configurations (Cases II and III).

5. Quantification of impulsive responses

Several metrics, as suggested by Crowther et al. [18] and Oh et al. [19], are used to quantify the measured and predicted
impulsive accelerations; the terminology used previously [18,19] is retained for the sake of consistency and comparative
assessment. First, consider the total number of impacts, Q;, observed over the entire time history of the response. An impact
occurs whenever the relative displacement crosses ©; it is observed as a ‘spike’ in the acceleration signal. Next, the type of
impact (described by metric Q) is determined from the validated non-linear model by tracking the relative angular displace-
ment(s) at the clearance(s). If 0; does not cross @}, no impact occurs; a single sided impact (si) is described by a response
where 0; crosses ©; only on one side of the origin; and a double sided impact (di) is the one where the stage transition is
crossed on both sides. As mentioned before, only double sided impacts (under the step down torque from T = 1.0 to 0) occur
in the three experimental configurations (Cases II, Il and V).

As mentioned in Section 4, Qs is used to quantify the impulsive peak-peak acceleration. Further, during an impact, the
inertial element (say j) attains its maximum angular velocity immediately after the impact (say k). It is described by a veloc-

ity metric, Q4 = A0; = max(0;y) — 0, x, Where the subscript ‘0’ indicates its value just before impact. Such angular velocities of
the inertial elements are calculated from the non-linear model. The severity of the impact is also evaluated by metric Qs
which is the measure of maximum change in the relative kinetic energy between two inertial elements during an impact.
Mathematically, Qs is defined below for the clearances AB and C (shown here by the superscripts) respectively:

2 = 10.57,02sgn(0a) — 0.5]503sgn(05)|,

Q5 = 0.5/c02.

A closer look at the impulsive impacts (such as in Fig. 5¢) reveals that each peak is followed by the ringing effect. As
shown by Crowther et al. [18], the role of subsequent ringing could be reduced by using an exponentially decaying window
over the duration of impact. Thus, a weighted mean square metric, Qg, is defined to evaluate the intensity of the impact,
given the following window:

(16a-b)
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Fig. 7. Experimental validation of the non-linear models for two single clearance cases by comparing g‘(f) under step down torque (T =1 to 0). (a) (_9A(f) for
Case II; (b) 05(F) for Case II; (c) 0 (f) for Case III; and (d) 6 (f) for Case III. Key: (==) — measured; and (—) - predicted. Refer to Table 1 for the identification of
the cases.

0, t<t,
Wo, = 1, t St <tp+tw .
etlt—(tp+tw1)] t=t)+tw.

Here, t, is the point of impact. The length of step window, t,,, is chosen so as to capture the portion of the response with
the maximum amplitude. The decaying function is defined so that after a time interval of t,;, only a 10% of the weighting is
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Table 2

93

Comparison of measured and predicted (peak-peak) amplitudes of impulsive accelerations for dual and single clearance cases, defined in terms of Qs (dB re

1.0 rad/s?).

Impact number

Measured at B

Predicted at B

Measured at C

Predicted at C

(a) Dual clearance configuration (Case V)

1 100 96 98 95
(97)° (94) (101 (95)°

5 99 94 90 93
(94)* (92) (99)°* (93)°

9 92 91 88 90
(77) (90)° (84)° 91y

Impact number

Measured at B

Predicted at B

(b) Single Clearance Configuration (Case IV)

1 101 97 - -
(99)° (95)°
9 96 94 - -
(98)° (93)°
10 93 94 - -
(91) (92)°
Key for
¢ Values reported in the prior paper by Krak and Singh [1].
1.4 1.4
(a) (b)
1.3 1.3
1.2
% 1S
1.1
1
X
0.9 0.9
2 4 6 2 4
tosc tosc
1.4 14
(c) (d)
1.3 13
X
x 3
3 12 R o 12 "
= Q
14 - " 4ate }X S
X X ﬁ .
- vl i *
- e N X
1 e % X X xx " 1 o %
0.9 0.9
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Fig. 8. Measured and predicted time varying periods for single and dual clearance cases under a step down torque (T = 1.0 to 0). (a) At the inertial element C
for Case III; (b) inertial element B for Case II; (c) inertial element C for Case V; and (d) inertial element B for Case V. Key: (X) — measured value; (==) - curve-
fit of measured time periods; and () - predicted. Refer to Table 1 for the identification of the cases.

applied to the original signal. From this definition, the decay parameter comes out to be, ¢ = In(0.1)/ty,. The metric Qs is

calculated from the weighted signal, 5, by using the following:

1 Oettwi +twa o
Qom [
G

= 18
twl + th ( )

The Qs metric is evaluated for only the first impact regime in both measured data and non-linear model predictions, for
the acceleration signals from inertial elements B and C. Like Qs, it again is converted to the logarithmic value by taking
10log,,Qg, dB re 1.0 rad?/s%. Comparisons between the measured Qs (dB re 1.0 rad/s?) and other metrics from predicted
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Fig. 9. Measured and predicted time varying periods for the single clearance configuration (Case II) at location B1 under a step down torque (T = 1.0 to 0),
given a variation in key parameters of the non-linear model. (a) Variation in the clearance, with key: (¢) - @; (=) - 1.5 ©; and (<) - 2 ©;; (b) variation in
the stiffness with key: (@) — kag; (=) = 1.5kap; and (<) - kag/1.5; and (c) variation in the hysteretic damping with key: () = hap; (=) = 1.5hs5; and () -
hap/1.5. Key for all parts: (X) - measured; and (===) - curve fit from measured time periods.

responses, such as Qs, Q4, Qs and Qg (dB re 1.0 rad?/s*), are shown in Fig. 10. Observe that higher peak-peak accelerations are
usually associated with more changes in the relative kinetic energy and a larger change in the angular velocity. Measured
and predicted values of two metrics, Q; and Qg (dB), are also compared in Table 3. A variation in Qg arises from the fact that
it is an energy type metric (from the signal processing viewpoint). Lack of the Hertzian contact based stiffness and impact
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damping formulations in the non-linear model might lead to inaccurate predictions of the peak acceleration amplitudes giv-
ing rise to some errors.

6. Linearized system analyses and comparison with non-linear model

The system of Fig. 1a is linearized to form Case I by assuming that the contact is always maintained in stage II for each
clearance element (k, = kc = ky). Regarding the dissipation, two formulations are used. First, the non-linear dry friction
terms are linearized say over the first half period and step responses are analytically calculated using the initial value prob-
lem. Then an equivalent viscous damping matrix, C, is defined and its coefficients are found from the analytical step
responses from the linearized dry friction formulation. Finally, the modal expansion method is used to calculate step
responses and associated participation factors.

Recall that the Coulomb dry friction is defined via tanh(c0) type expressions to reduce the computational difficulties. This

term is replaced with sgn(9) and assumes that the motion is initiated only when the initial restoring force exceeds the static
friction forces acting on the system. The linearized equations of motion for the system with constant hysteretic coefficients
(h terms) for the 3DOF configuration, over the first half of the natural period is as follows; the direction of the velocity and
friction reverse during the second half:

_]ABA (£) + kagOag () = hap + ha,
J508(F) — kapOap(F) + KpcOpc(F) = hpc — ha, (19a-c)
_]CQ(‘(E) - kgcégc(f) + kcéc(f) = hc — hgc.

The step down torque amplitude, To. at t = O+ is converted to the initial displacement vector, (0,) for the system of
Fig. 1a as:

@c+£—3+@3c+k%+ @AB‘FkTT%
0(0,) = 4 Oc +2+ Opc + 1> . (20)
Oc+2

The linear time-invariant (LTI) system is represented in matrix form as follows where ‘diag’ represents a diagonal matrix:

Joe) + Ko(e) = T(v), 21)
J = diag[’Av]B?JC]?
kAB _kAB 0
K= | —kas kag+kpgc —kpc
0 —kgc kgc + ke (zza_d)

T(l') = [hA + haghpc — haghc — hBC]T7
0(t) = [0a(t) 05(t) 0c(t)]".

The eigenvalue matrix, A, of the undamped system is determined from the characteristic equation, [J7'K — AI| = 0;
A =diag(’:);r € {1,2,3}, where . = @?, and r is the modal index. The three natural frequencies (w,) are found to be
93 rad/s (14.8 Hz), 4661 rad/s (742 Hz) and 4840 rad/s (770 Hz) respectively. The eigenvector matrix U satisfies this expres-
sion: [J 'K — AIU = 0. The three modes of the system (when normalized to yield unity modal mass values) are as follows
where the superscript T is the transpose of the vector: U, =[13.5 13.5 0.075]"; U, =[0.3 —3.3 —50]"; and U; =[3.8 —48
3.4]". For further analysis, these modes are re-normalized where each modal term is divided by the highest element in its
respective column and then approximated (identified by the ‘hat’ on U) to the nearest whole number to yield the following
eigenvectors: U; =[110]"; U,=[001]"; and U5 =[0 1 O]™.

The undamped equations of motion, as defined by Eq. (19), are converted into the modal (normal) coordinates = U6 to
yield the following uncoupled equations where the modal torque vector is N = U'T:

3(t) + An(t) = N(t). (23)

Further, the initial displacement vector in the modal domain is #(0) = U"J0(0). Given the numerical values, the initial con-
ditions in normal coordinates are: 1,(0) = 0.00573, 1,(0) =8.2 x 10°® 1,(0) and 1 x 10~* m,(0). The undamped displace-
ment response for mode r is obtained as:

n.(t) = (n,(O) - %) cos ot + % (24)

r r
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Fig. 10. Comparative assessment of the metrics for the single and dual clearance cases, evaluated at inertial locations B and C under step down torque
(T =1.0 to 0) where superscripts M and C denote measured and predicted values respectively. The first column corresponds to location B and the second
column corresponds to location C. The references for dB values are re 1.0 rad/s? for Qs and 1.0 rad?/s* for Qg. (a) Measured Q3 vs. predicted Qs at B; (b)
measured Qs vs. predicted Q4 at B; (¢) measured Qs vs. predicted Qs at B; (d) measured Qs vs. predicted Q4 at C; (e) measured Qs vs. predicted Qg4 at C; and (f)

measured Qs vs. measured Qs. Key: (
Fig. 2 for the identification of cases and locations respectively.

Table 3

) - curve-fit of single and dual clearance values; (X) - Case III; () - Case V; and (O) - Case II. Refer to Table 1 and

Measured and predicted values of metrics Q; (number of impacts) and Qg (time windowed mean-square angular acceleration, in dB re 1.0 rad?/s*) evaluated for
single and dual clearance cases. Values reported under the single clearance case at location B are from Case II and at location C are from Case III.

Metric Location Single clearance case (II or III) Dual clearance case (V)
Predicted Measured Predicted Measured
Q B 16 15 12 16
C 18 27 12 15
Qs B 84 87 83 87
C 83 84 82 84

The peak modal displacement, for the linearized dry friction case, at the end of the first natural period (t; = 27/w; when
i1 (t) = 0)is M, (t1) = —(M;(0) — ). Assuming the system to be now viscously damped, Eq. (24) is modified to yield the fol-

w?
1
lowing response at mode r1:
Sr

1 —=¢?

0:(t) = n,(0)e~=r (cos(wqt) +

> sin(myqt)).

(25)
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Here, ¢, is the modal damping ratio and w,y = w,+/1 — ¢? is the damped natural frequency. By equating Eqs. (25) and (24)
at time t = 74, the equivalent viscous damping ratios of the linear system are found to be: ¢, =0.011, ¢, = 0.590, ¢; = 0.151.

The corresponding modal viscous damping matrix is: C, = diag[2g, ;] and it is constructed as: C = (UT)_1CmU‘1.

Similar to the simplifications used for Case V (3DOF system), the governing equations of the two single clearance config-
urations, Case I (Eq. (11)) and Case IlI (Eq. (12)) can be linearized and simplified as 2DOF systems. Their approximated eigen-
vectors for the first mode are: U = [1 1]" for Case Il and U; = [1 0]" for Case III. It is interesting to note that the eigenvectors of
the linearized Case II and III are found to be subsets of the eigenvector for linearized Case V though the experimental system
was not designed as such [1]. The time domain (step) responses calculated via the modal superposition method are com-
pared with the non-linear model response in Fig. 11 only for Case V (without the clearances but with non-linear dry friction
terms). As expected, the response is dominated by the first mode. Overall, an excellent match between the linear and non-
linear models are found at lower values of 7 (say up to t = 7) since the equivalent viscous damping ratios have been approx-
imated from step responses over the first time period only. Comparisons for the single clearance configurations can also be
easily derived with the same procedure.

Predicted accelerations between the non-linear and linear models for Case V are compared in Fig. 12. Ignoring the impul-
sive peaks (that occur due to the transitions at clearances), the responses from the linear model match closely with the low
frequency sinusoid from the non-linear model say for the first two time periods. Denoting the maximum acceleration (of the

lower frequency sinusoid just after impact) for the j”‘ inertial element as P;, the elements of amplitude ratio vector, R, after
any particular impact is defined for the 3DOF configuration as follows:

_ [PaPg P’
o T @

Similar definitions are used for the 2DOF configurations. The value of R (similar to the operating motion survey type vec-
tor in the linear system dynamics) after the second impact is predicted to be as follows for Cases V, Il and III: [1 0.97 0.24], [1
1]" and [1 0]" respectively. Since only the peak of low frequency sinusoid is considered, the magnitudes of harmonic accel-
erations directly correlate with the magnitude of harmonic displacements. Therefore, R values represent the relative dis-
placements between the inertias (under the impulsive conditions though). They are now compared with the calculated
linear system eigenvectors at the first mode. Comparing R to U, a close match in the values is observed; for example,

R=[10.97 0.24]" and U; = [1 1 0]" for Case V. This confirms that the displacement patterns of the non-linear system follow
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Fig. 11. Comparison between 3DOF non-linear and linear system models for the linearized system (Case V and 1) under step down torque (T = 1.0 to 0). (a)
04(); (b) Op(f); and (c) Oc(f). Key: (==) — non-linear model (Case V without two clearances but including dry friction elements); and (—) - linear model
(Case I with effective viscous damping elements and linear stiffness elements).
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Fig. 12. Comparison between 3DOF non-linear and linear system models for the dual clearance configuration (Case V) under step down torque (T = 1.0 to 0).
(a)04(t); (b)0s(F); and (c) Oc(F). Key: ( ) - non-linear model (Case V with clearance and friction elements); and (-) - linear model (Case I with viscous
damping).

the mode shapes calculated using the analogous linear systems. Similar observations are found for Cases Il and Il as R=[1

1]" and [1 0]" match perfectly with the corresponding eigenvectors U; = [1 1]" and U; =[1 0]" respectively. These observa-
tions suggest that the non-linear system retains some intrinsic properties of the underlying linear system.

7. Comparisons between dual clearance configurations

Two additional dual clearance configurations, namely Cases IV and VI of Table 1, are computationally investigated and
compared with Case V that has been comprehensively examined thus far using experimental and computational methods.
First, consider the following governing equations for Case IV that has the clearances at BC and C and a compliant linear spring
at AB:

JAéA + l1’,4\((3,4) + TAB(éAB) + kag(045) = T(),
T30 — Wag(0a5) + e (0c) — kag(0as) + Pc(Opc) = 0, (27a-c)
JcOc — Wac(Opc) + Pe(Oc) — Poc(Opc) + Dc(0c) = 0.

Similarly, the governing equations of Case VI that has clearances at AB and BC and a compliant linear spring at C are:

]AéA + 'PA(éA) + lPAB(éAB) + @ap(0ap) = T(),
Jo05 — P a5(08) + Pac(0pc) — Pa(028) + Poc(Opc) =0, (28a-C)
JcOc — Wse(Osc) + Pe(Oc) — Ppc(Opc) + ke(Oc) = 0.

The dominating first eigenvector for the linearized 3DOF system of each configuration is: U; = [14.1 0.16 0.08]" for Case IV
and U; =[13.1 13.0 12.9]" for Case VI. Each eigenvector is re-normalized and approximated to the nearest whole number to
yield: U; =[1 0 0] for Case IV and [1 1 1] for Case VI. The non-linear model is then used to predict the responses of both
configurations under a step down torque from T = 1.0 to 0. Figs. 13 and 14 compare responses of the original experimental
system (Case V) and two additional dual clearance configurations (Cases VI and IV) respectively. Like the previous section,
the amplitude ratio vector R is again evaluated and compared with the dominant first eigenvectors for Cases IV and VI. These
are found to be: R[1 0 0]" for Case IV and R [1 1 1]" for Case VI; these perfectly match the first eigenvector U; calculated from
their respective linearized systems.
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The Qs values (in dB re 1.0 rad/s?) of the first impact at J, and ] for Case IV (Fig. 14b and c respectively) are 97 dB and
98 dB respectively and 12 impacts (Q) are seen at both inertias. Observe that no impacts occur at J, in Case IV (Fig. 14a).
Similarly, the Qs values of the first impact at J,,J; and J for Case VI are 72 dB, 95 dB and 92 dB respectively and all three

5000 T T L} T L} T L} T T T
N N
- L . '
|:Q§C 0 |r .‘U /'.l|I \l |I w -./ ’“\-;-/r\ V*“' ‘.__,-— — e " — — e —
-~ ,f' ! I'
-5000 ! ! ! ! ! ! 1 L L L
0 1 2 3 4 5 6 7 8 9 10
x104
5 T T T T T T T T T T
\ s bos) v
.- . l l \ 1 ' L
[Hen) ~A . ot Il .. b= ——
0 |/ [ V i J i llt M IF
_5 1 L 1 L 1 L 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
x 104
5 T T T T T T T T T T

(©)

5 I 1 I 1 I 1 L 1 1 1

0 1 2 3 4 5 6 7 8 9 10

Fig. 13. Comparison of responses between alternate dual clearance configurations (Cases V and VI) cases under step down torque (T = 1.0 to 0). (a) E_?A(f); (b)
05(f); and (c) ¢ (f). Key: (==) — Case V; and (—) — Case VI. Refer to Table 1 for identification of these cases.
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inertias see 18 impacts. The magnitudes of the first impact at J for Case VI are 3 dB lower (and 3 dB higher in Case IV) when
compared with corresponding values in Case V. The number of impacts in Case VI is higher than in Case V possibly due a
reduction in the kinetic energy per impact at J.. The relative angular displacement at the clearances for both Cases IV and
VI (not shown for the sake of brevity) confirm that all impacts are dual sided in nature.

The time periods of impacts are compared in Fig. 15 for three dual clearance configurations and each case shows a soft-
ening trend. In particular T (o5 ) results for Case VI exhibit somewhat of a linear system response over several time periods
when compared with Cases IV and V. Observe how closely the time periods for the three inertial elements overlap for Case VI
indicating that this system essentially behaves more like a SDOF non-linear system which is reinforced by the eigenvector

(0,) of the corresponding linearized system.

8. Effect of step excitation profile and amplitude on non-linear responses

The validated non-linear simulation model is used to first examine the effect of step-like excitation (or the shape of tor-
que profile) that is simulated by an exponentially decaying excitation as defined by Eq. (6) since it is of particular significance
in controlling the clunk like events in vehicles [19]. As the value of parameter p is asymptotically reduced, this would
approach the ideal step input given by Eq. (5). For a higher value of g, predicted amplitude(s) and number of impact(s) reduce
for Cases II, Ill and V. Fig. 16 compares typical responses for an ideal step down input from T = 1.0 to 0 and a comparable
exponentially decaying excitation with g = 0.15. Key results for Case V are summarized in Table 4. Observe that the peak-
peak amplitudes diminish more rapidly under an exponential decaying input as f is increased; again only a softening trend
is observed in their time periods.

The non-linear model is next utilized to examine the influence of excitation amplitude (step height of T) on the single and
dual clearance configurations (namely Case II and V respectively). By using Eq. (5), both ideal step down and step up exci-
tations are examined by varying the values of initial and final torques. It is observed that a step function with a higher step
height leads to an increased peak-peak impulsive amplitude. For those excitations that begin from T, = 0, the model predicts
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Fig. 15. Predicted and measured time varying periods for three dual clearance configurations (Cases IV, V and VI) under a step down torque (T = 1.0 to 0)
cases. (a) Case IV; (b) curve fit of measured data for Case V with key: (---) - at location B; and (—) - at location C; and (c) Case VI. Key for all parts: (X) - J,;
(0) - Jg; and (O) - J.. Refer to Table 1 and Fig. 1 for the identification of cases and locations respectively.



P.S. Oruganti et al./Mechanical Systems and Signal Processing 99 (2018) 83-106 101

x 104
5 T T T L T T T T L T
(a)
i 0 rLJ~
_5 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
1.2 98
[ ]
(b) (c)
1.156 1 96 ] °
2 1.1 * 9 94 ¢
WS . . ® o ™
¢ ®
1.06 ] 92
1 90 T
0 2 4 6 0 0.1 0.2 0.3
tOSC ﬁ
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Table 4
Effect of the step input profile and amplitude on the responses. All values shown are the predictions at location B (and the Q effective inertial location for Case
VII). The Qs values (dB re 1.0 rad/s?) are only for the first impact. Refer to Table 1 and Fig. 1 for the identification of cases.

Input torque To Tf Case Number of clearances Q3 (dB) Q, Trends in T, (nature of impacts)
Exponential step down (Eq. (6)) 1 0 \Y 2 96 (B=0.05) 12 Softening (di)
94 (B=0.15) 8 Softening (di)
92 (p=0.3) 4 Softening (di)
Step down (Eq. (5)) 1 -1 11 1 101 20 Softening (di)
\ 2 100 16 Softening (di)
VIl 1 36 16 Hardening (si)
VIII 3 65 12 Hardening (di & si)
Step up (Eq. (5)) -1 2 Il 1 102 20 Softening (di)
\Y 2 102 16 Softening (di)
VIl 1 39 21 Hardening (si)
VIII 3 69 15 Hardening (di & si)

Key to the nature of impacts is: di is for the double sided impacts and si is for the single sided impact.

only one impact as there is no initial restoring force in the system. In fact, for this case the 0; at the clearances shows that
only one transition is crossed between the stages (Il and I of Fig. 1b). Note that To = 0 is not used for normalization of any
results.

In addition, two other configurations (Cases VII and VIII as listed in Table 1) are formulated to better understand the
vibro-impact phenomena. Case VII considers an effective SDOF system with one clearance and thus will be compared with
Case II (3DOF system with a single clearance at AB). Case VIII goes back to the generic 3DOF system formulation of Fig. 1a
with 3 clearances; it will be compared with the experimental dual clearance configuration (Case V) under several step input
profiles. The clearance introduced at BC is similar to the clearance at C (0.1°) while the clearance at AB (0.15°) is unchanged.
Since the linearized system dynamics suggests that the step response is dominated by the first mode, an effective (with ‘eff’
subscript) non-linear SDOF system (Case VII, as a subset of Fig. 1a) with one clearance element (k4z) and two dry friction ele-
ments (hy and hgp) is developed as:

Jog e + Pas (Do) + Pa(Deg) + kace + Das(Oeg) = T() (29)
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The effective inertia J; is chosen so that it matches the first natural frequency of the linearized torsional system with no
clearances (Case I). An alternate configuration of Case VII can be constructed by deleting the linear stiffness kzc but the non-
linear step responses are identical with or without the kzc term. Thus results are given here for the system that does not
include the linear kgc term. However, only one impact is seen in this SDOF system (Case VII) for a step down torque from
T = 1.0 to 0. The stage transition @), is crossed only once and the inertial element stays within the gap; an absence of a restor-
ing torque in the SDOF system (even with a linear kzc element) induces this type of behavior, unlike other configurations
(such as Case Il and V).

Next, the step excitation amplitude is changed to T = 1.0 to —1.0 to ensure that the final (end) point is outside the gap
regime. Non-linear step responses for Cases II, Ill and V show that the peak-peak acceleration amplitudes increase and
the time histories are now longer than those predicted previously under the T = 1.0 to 0 amplitude. For the sake of illustra-
tion, results between these two step amplitudes for Case V are compared in Fig. 17. Over the first five impacts, an increase of
about 4 dB is noticed in Qs. The time periods (T,sc =~ 1) are closer to the first natural time period of the linearized configu-
ration (Case I) as shown in Fig. 17b. Observe that the spacing between the stage transitions (Fig. 17c) changes with a higher
step height. The impacts at @, motions against the direction of the final torque T = —1.0) occur more rapidly when compared
to the predictions with the zero final torque. Fig. 17d illustrates that the dynamic torque through the clearance AB is higher
than the one seen previously with lower torque amplitude.

The final 3DOF configuration with three concurrent clearances (Case VIII) is studied next; note that this system is stiffer
than the configurations considered before (such as Case V). The natural frequencies of the corresponding linearized system
are calculated to be 117 Hz, 755 Hz and 1285 Hz which are higher than the ones found before (14.8 Hz, 742 Hz and 770 Hz)
since a compliant spring is no longer used here. Accordingly, the first natural time period of 8.5 ms is used to normalize the
time and motion variables of Case VIII unlike the rest of the configurations where a time period of 67 ms corresponding to a
simplified linear SDOF configuration (Eq. (7)) has been used.
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Fig. 17. Effect of the step excitation amplitude on responses for the dual clearance configuration (Case V); here two step down torque inputs are considered
(from T =1.0 to 0 and from T = 1.0 to —1.0). (@) Oas(£) vs. O45(t), with key: (—) - from T = 1.0 to 0; and (=) - from T = 1.0 to —1.0; (b) Tsc VS. Eosc, With key:
(#)-from T=1.0 to 0; and (®) - from T =1.0 to —1.0; (c) Oap vs. t; and (d) T4us(t). Key: (—) - from T = 1.0 to 0; and (=) - from T =1.0 to —1.0.
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Typical non-linear responses are compared in Fig. 18 for Case II vs. Case VII and Case V vs. Case VIII under a step down
torque from T = 1.0 to —1.0. The same results are found for a step up from T = —1.0 to 1.0 though with a reversal in the direc-
tion of motion. Observe that Cases VII and VIII show lower peak-peak acceleration amplitudes when compared to Cases II
and V in Fig. 18b and c respectively. Unlike the softening trend that has been observed in T, (fosc) for Cases Il and V, Cases
VII and VIII exhibit the hardening behavior as shown in Fig. 18d and e with time periods starting from around 2 showing a
period doubling effect (and not close to the starting value of 1 as previously seen) though it reduces to unity with time. The
relative angular displacement time history for Case VII indicates that only single sided impacts are seen here; the phase
plane plot confirms this although lower angular velocities are found when compared to Case Il In contrast, a transition from
the double sided to single sided impacts is seen for Case VIII, leading to the no impact regime gradually. The phase plane plot
for this configuration shows a minor chaotic behavior (Fig. 18a) unlike other seven configurations of Table 1 where no evi-
dence of chaos has been found. Issues related to bifurcations under transient loading with one or more clearances have not
been examined unlike previous research on the bifurcation of an impacting oscillator under harmonic excitation [38,39].

When the step torque amplitude is increased from T = —1.0 to 2.0, higher peak-peak acceleration amplitudes and longer
time histories are found for all configurations. In particular, the values of T, (t,s) tend to reduce and the non-linear system
seems to be now ‘saturated’. It seems to behave more as a linear system with an increase in the step height since the inertial
elements now stay in the contact (positive stiffness) regimes. The phase plane plots, however, are similar to the previous
cases though higher angular velocities are seen. The effect of T(f) on Qs values (in dB re 1.0 rad/s?) and accompanying trends
(such as softening or hardening) are summarized in Table 4. For a step excitation where Ty # 0 and |T| > |To|, the initial and
final operating points lie within the same stage of the static k;;(0;) curve; hence there are no stage transitions and conse-
quently no impacts are generated.

200 T T T T L] T
(@)
[aa}
o 0F  mmn, — > i ccmaedl — g
-200 1 1 = 1 1 1 1
-4 -3 -2 4 _ 0 1 2 3
O
120 120
= =
o E L ® @ [ ] »
~ )
o e o o o o =
b c
) b (©
0 5 10 0 5 10
t t
2 o 2
(d) * o o (e)
) L &
3 a @
I |p° °
0.95 0.95
0 5 10 0 5 10
fOSC EOSC

Fig. 18. Comparison of non-linear step responses (at location B) between Cases II and VII (each with a single clearance) and between Cases V (with two
clearances) and VIII (with three clearances) to a step down torque from (T = 1.0 to —1.0). (a) Oas(F) vs. Oag(f) from f = 0 to 2.0, with key: (—) — Case V; and
(===) — Case VIII; (b) Q3 vs. £ with key: (©) - Case II; and (@) - Case VII; (c) Q3 vs. £, with key: () - Case V; and (®) - Case VIII; (d) Tosc (fosc), With key: (o) -
Case II; (@) - Case VII; and () Tosc (fosc), With key: (@) - Case V; (@) - Case VIIL Refer to Table 1 for more details on the four configurations compared here.
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Finally, the Fourier transforms of the accelerations (at the effective inertial locations) are calculated (though not shown
here for the sake of brevity) given a step down torque from T = 1.0 to —1.0. These estimations are made using the entire time
record (with Hamming window) with 2000 Hz as the upper frequency limit and a frequency resolution of 0.4 Hz. The spec-
tral magnitudes are found to be much lower for Cases VII and VIII when compared to Cases Il and V respectively. Dominant
peak is located at 20 Hz for Case VII which is close to the natural frequency of a linear SDOF system (15 Hz). Peaks for Case II
are observed at 15 Hz and at 750 Hz (again close to the natural frequencies). Fourier transform of Case VIII indicates that the
higher modes are being excited, with peaks around 800 Hz and 1400 Hz (close to the natural frequencies); conversely,
whereas peaks are observed only around 750 Hz in Case V. No peaks at the lower frequencies (<100 Hz) are found for Case
VIII possibly due to higher eigenvalues.

9. Conclusion

This article significantly extends prior research by re-acquiring detailed measurements on the scientific experiment [1]
with a higher sampling frequency and by placing additional sensors. Also, the non-linear formulation has been generalized
to include one, two or three clearances (along with dry friction elements) and their step responses have been examined
under different step torque profiles and amplitudes. Time and frequency domain analyses of measured signals suggest that
the accelerometers on the shaft and torsion arm (as partially reported in [1]) pick up some contributions from the shaft flex-
ural modes and/or rigid body modes (of the experimental system) and therefore are not used for further analyses. Predictions
from the minimal order, non-linear torsional models are in good agreement with new measurements. Only double sided
impacts are observed in the single and dual clearance configurations under a step down torque from T = 1.0 to 0. The time
periods of impacts, though sensitive to the precise values of clearance transitions, confirm a softening non-linearity. Discrep-
ancies in measurements and models are mainly attributed to an absence of the Hertzian stiffness and impact damping type
formulations; these should be pursued in future studies. Both predictions and measurements are quantified and assessed
using six impulsive metrics as previously suggested by the literature on vehicle clunk problem [18,19] though the peak-
peak amplitude of the impact (Qs) is found to better describe the intensity of dominant impulsive events in the current
experiment.

Studies from the eigensolutions and step responses of analogous linearized systems of the experiment suggest that the
underlying linear system behavior may be used to better understand and qualitatively explain some behavior of systems
with clearances. For instance, the peak amplitude ratio vector (R) from non-linear impulsive responses is useful as it matches
well with the linear system eigenvectors. Finally, the validated non-linear models are used to examine the effect of alternate
excitation profiles and amplitude on the step down or up responses (including for an exponentially decaying torque input).
Predictions show that the excitation amplitude has a significant influence on the time varying periods. In fact, the 3DOF tor-
sional system with three concurrent clearances (Case VIII) shows vastly different results as a transition from the double sided
to single sided impacts is seen and the accompanying time periods suggest a hardening trend with a period doubling effect
though minor chaos is also found (unlike other cases that have been examined). These observations will guide the formu-
lation of future experimental and computational studies. The contributions of this article should enrich the non-linear
dynamics literature especially on the transient responses and associated vibro-impact phenomena [6-9,32] while providing
some benchmark studies for future investigators.
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Appendix A. List of symbol

Symbols

a,, dy, o coefficients of curve fit for measured time periods
C equivalent viscous damping coefficient
C viscous damping matrix

h Coulomb friction coefficient

] torsional inertia

] inertial matrix

k torsional stiffness

K stiffness matrix

N modal torque vector

P peak of low frequency sinusoid
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Q metric used to quantify impacts

R peak amplitude ratio vector

S short term Fourier transform

t time

T external (excitation) torque

T torque (excitation) vector

Ty dynamic torque

U eigenvector matrix

F Fourier transform

e stage transition (angular)

A eigenvalue matrix

o] elastic torque

b4 dissipation torque

) unit step (Heaviside) function

B torque decay term

n modal (normal coordinate) vector

0,6,6 angular displacement, velocity and acceleration

o(t) displacement vector

0(0.) initial displacement vector

A diagonal elements of eigenvalue matrix

c regularizing factor

T time period

0] circular frequency (rad/s)

om damped natural frequency

4 damping ratio

Superscripts

- normalized

C predicted value

M measured value

pPp peak to peak

T transpose of a matrix/vector

A re-normalized and approximated vector

Subscripts

0 initial pointatt=0

LI stiffness stage indices

A,B,C absolute coordinate or element indices

AB, BC relative coordinate or element indices

e combined inertia (A and B)

eff effective inertia

f final point

n natural

0sc time varying

r modal index

Abbreviations

di dual sided impact

DOF degree of freedom

si single sided impact

STFT Short Term Fourier Transform
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