
Contents lists available at ScienceDirect

Journal of Sound and Vibration

Journal of Sound and Vibration 377 (2016) 243–263
http://d
0022-46

n Corr
E-m
journal homepage: www.elsevier.com/locate/jsvi
Correlation between quasi-static and dynamic experiments
for a practical torsional device with multiple discontinuous
nonlinearities

Michael D. Krak, Rajendra Singh n

Acoustics and Dynamics Laboratory, NSF Smart Vehicle Concepts Center, Department of Mechanical and Aerospace Engineering, The Ohio
State University, Columbus, OH 43210, USA
a r t i c l e i n f o

Article history:
Received 12 November 2015
Received in revised form
25 April 2016
Accepted 1 May 2016

Handling Editor: L.N. Virgin

dynamic responses. For the purpose of comparison, this article proposes a new time
Available online 17 May 2016

Keywords:
Nonlinear isolators
Damping estimation
Energy dissipation mechanisms
Experimental methods
Nonlinear dynamics
x.doi.org/10.1016/j.jsv.2016.05.003
0X/& 2016 Elsevier Ltd. All rights reserved.

esponding author. Tel.: þ1 614 292 9044.
ail address: singh.3@osu.edu (R. Singh).
a b s t r a c t

Vehicle clutch dampers belong to a family of torsional devices or isolators that contain
multi-staged torsional springs, pre-load features, clearances, and multi-staged dry friction
elements. Estimation of elastic and dissipative parameters is usually carried out under
quasi-static loading and then these static parameters are often assumed when predicting

domain parameter estimation method under dynamic, transient loading conditions. The
proposed method assumes a priori knowledge of few nonlinear features based on the
design and quasi-static characterization. Angular motion measurements from a
component-level laboratory experiment under dynamic loading are utilized. Elastic
parameters are first estimated through an instantaneous stochastic linearization techni-
que. A model-based approach and energy balance principle are employed to estimate a
combination of viscous and Coulomb damping parameters for seven local (stage-depen-
dent) and global damping formulations for a practical device. The proposed method is
validated by comparing time domain predictions from nonlinear models to dynamic
measurements. Nonlinear models that utilize the proposed damping formulations are
found to be superior to those that solely rely on parameters from a quasi-static experi-
ment.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

There is an extensive body of literature on the estimation of system parameters [1–9]; see Ref. [1] for a thorough review
of prior work as well as a list of over 300 papers. For the purpose of tractability, many researchers assume that nonlinear
features or functions are well characterized (or known) before attempting parameter extraction [1]. Alternatively, the “black
box” modeling method is used when the underlying physics of a device is truly unknown though ambiguous results may be
found [1]. Overall, many of the estimation methods rely on steady-state excitation and assume smooth (differentiable) and/
or weak nonlinearities [1]. Prior work [2–8] has often utilized measurements from well-controlled, laboratory or scientific
experiments. These experiments [2–8] are intentionally designed to isolate a singular feature of interest, say a spring or
dissipative element, and accommodate the necessary instrumentation. Although such methods and experiments are useful
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Fig. 1. Illustration of a multi-staged vehicle clutch damper: (a) schematic with parts labeled, (b) photograph of typical production component, and
(c) measured (normalized) quasi-static performact curve where ΓQ is the normalized torque transmitted through the device, θ is the normalized relative
angular displacment (θ¼ θo�hub�θi�hub), and _θ is the normalized relative angular velocity. Key for (a): A – flywheel and pressure plate interface; B – rivet; C
– multi-staged coil spring; D – outer hub (angular displacement θo�hub); E – inner hub (angular displacement θi�hub); and F –multi-staged Coulomb friction
element.
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for understanding particular nonlinear features, their extension to practical devices [9–21] is severely limited by a lack of
controllability found in many applications (say due to variability in manufacturing, assembly, or operating environment).
This problem is particularly acute when practical components contain multiple (and yet unknown) discontinuous
nonlinearities.

Most real-life components, including nonlinear devices used for vibration isolation [10], are subjected to a wide range of
mean operating points and dynamic excitation due to intentional product functions. Even if these devices could be dis-
assembled into separate nonlinear features for individual study, in situ interaction between the built-in features would be
lost, and the estimation process would become incredibly complex. It is thus desirable to estimate parameters at the
component-level. Nevertheless, this approach has its own unique challenges, such as laboratory space for large-scale
experiments, selection of actuators than can provide in situ loading, and location and selection of instrumentation.
Accordingly, the primary goal of this article is to propose a time domain method for estimating stiffness and damping
properties of a nonlinear torsional isolation device (vehicle clutch damper) that is illustrated in Fig. 1a to b (and further
described in Section 2). It has multiple discontinuous nonlinearities (as shown in Fig. 1c) and is often subject to dynamic,
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transient loading over a large range of torques and angular displacements. The methods proposed in this article should
benefit noise and vibration engineers and developers of nonlinear simulation codes while contributing to the scientific
literature on non-smooth dynamic systems.
2. Example case and literature review

A typical vehicle clutch damper [11–21] primarily serves to transmit a mean torque while attenuating torque pulsations
between an engine and transmission [11]. It is intentionally designed to contain multi-staged torsional springs, pre-load
features, clearances, and multi-staged dry friction elements [11–21]. Furthermore, clutch dampers are often asymmetric; the
drive side (positive relative angular displacement) of the device differs from its coast side (negative relative angular dis-
placement) [11,12]. The typical torque range usually spans from near zero (under idling conditions) to as high as 1000–
2000 N m (under driving conditions); to accommodate this, the ratio of torsional stiffness between adjacent stages may be
as high as 100 [20,21]. It is common in high-load ground vehicles for two devices to be installed in a parallel configuration
[21]; this introduces further complexity, such as indexing error and non-identical features. In practice, a clutch damper can
be critical to controlling vibro-impact and impulsive loading phenomena in transmissions [14,15,19,20] and resonance
growth during engine start-up [16]. Design and dynamic analysis of such a device could be facilitated by suitable nonlinear
simulation tools.

A literature review of clutch dampers [11–21] shows that characterization is usually conducted at the component-level
on a commercial test rig [22,23] under quasi-static loading conditions only. An example performance curve of a production
clutch camper is shown in Fig. 1c where ΓQ is the torque transmission and θ is the relative angular displacement. It is
described by a multi-staged torsional spring in parallel with a multi-staged Coulomb friction element; elastic and dissipative
parameters are then estimated from physical domain representations of torque transmission. Prior analysts [12,14–21] have
assumed these static parameters when simulating dynamic responses of both the device itself and powertrain systems.
Further, many models [12,14–16,21] include a parallel linear torsional viscous damper and assume damping values (or from
a modal experiment) to improve agreement with measurement. This damping scheme relies on frequency domain methods
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Fig. 2. Quasi-static and dynamic experiments for a vehicle clutch damper: (a) conceptual illustration for quasi-static loading (denoted X-Q); (b) conceptual
and (c) physical illustrations for dynamic loading (denoted X-D) where θ is angular displacement, _θ is angular velocity, Φ is the elastic torque transmission,
Ψ is the dissipative torque transmission, Γ is the total torque transmission (Γ¼ ΨþΦ), T is external torque, and J is torsional inertia. Key for (c):
A – flywheel (ground); B – clutch assembly (houses one clutch damper); C – shaft; D – bearing; E – torsion arm; F – pneumatic actuators; G – structural
supports (ground); and H – bed plate (ground).
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and assumes that the operating range of the device lies within a single-stage. Thus, it is questionable to apply it to a
transient nonlinear response in which the mean operating point varies significantly, spanning multiple stages rapidly (e.g.
vehicle clunk phenomenon [14,19,20,24]). In addition, this parameter is sometimes extracted from a system-level mea-
surement, such as provided by Biermann et al. [19] and Menday et al. [20]. While such experiments are valuable to
understanding the role of clutch dampers within the context of a powertrain, they do not provide any physical insight at the
component-level. To overcome this hurdle, Krak et al. [21] proposed a step-response type experiment, which is a simplified
version of prior experiments [19,20,24]. Overall, there is clearly a void in the literature concerning the parameter estimation
for vehicle clutch dampers (and similar devices) under dynamic, transient loading. The method proposed in this article will
attempt to address this particular need; thus, both quasi-static and dynamic experiments are utilized and compared. Issues
related to the mean shaft speed (such as the drag torque) are beyond the scope of this article.
3. Analytical formulation of problem

Consider a torsional device that contains multiple discontinuous nonlinear features, including multi-staged stiffness and
dissipative elements. For practical reasons, manufacturers characterize such devices under quasi-static loading conditions
only (relatively low angular velocity, denoted by subscript Q and conceptually illustrated in Fig. 2a). The governing equation
of the device is the following where θ is the relative angular displacement, TQ ðtÞ is external torque, Jε is the associated
torsional inertia (Jε � 0), and ΓQ ðθ; _θÞ is the torque transmitted through the device

Jε €θþΓQ θ; _θ
� �¼ TQ tð Þ (1)

See Appendix A for a complete list of symbols. The torque transmitted through the device can be described by the
following function where ΨQ ðθ; _θÞ is the dissipative torque and ΦQ ðθÞ is the elastic torque

ΓQ θ; _θ
� �¼ ΨQ θ; _θ

� �þΦQ θð Þ (2)

For the sake of illustration, a symmetric, dual-staged example case is illustrated in Fig. 3; stages are denoted by subscript
Roman numerals I and II, torsional stiffness is denoted by k, and angular stage transitions are denoted by Θ. The ratio of kI to
kII is critical for describing ΦQ ðθÞ; for instance, consider the following cases: a backlash is defined by kI-0 (or kI⪡kII); a pre-
load feature requires kI-1 (or kI⪢kII); a stopper element is given by kII-1 (or kII⪢kI); and the linear spring element only
occurs when kI ¼ kII. The path-dependent nature of ΓQ ðθ; _θÞ is due to ΨQ ðθ; _θÞ, which is assumed to be described by Coulomb
friction elements only.

Such devices usually operate under dynamic and high speed loading conditions (relatively high angular velocity, denoted
by subscript D conceptually illustrated in Fig. 2b). Torque transmission may now be described by the function

ΓD θ; _θ
� �¼ΨD θ; _θ

� �þΦD θ; _θ
� �

(3)

Unlike the quasi-static conditions, it is assumed that ΦDðθ; _θÞ may depend on both θ and _θ, and ΨDðθ; _θÞ may be described
by viscous damping and/or Coulomb friction elements. The governing equation of the device is described below where TDðtÞ
is external torque and J is the associated torsional inertia (Ja0)

J €θþΓD θ; _θ
� �¼ TD tð Þ: (4)
Fig. 3. Conceptual illustration of torque transmission through a symmetric, two-stage vehicle clutch damper under quasi-static loading conditions where
ΓQ ðθ; _θÞ is transmitted torque, θ is angular displacement, and _θ is angular velocity. Stages are denoted by subscripts I and II, torsional stiffness is denoted by
k, and angular stage transitions are denoted by Θ. Key: ( ) – transmitted torque ΓQ ðθ; _θÞ; ( ) – elastic torque component ΦQ ðθÞ; (� ∙ �) –
angular stage transition Θ; and (Δ) torsional stiffness k.



Fig. 4. Typical measurements in time and physical domains from quasi-static experiment X-Q where θ is the normalized angular displacement, _θ is the
normalized angular velocity, ΓQ is the normalized transmitted torque, and t is the normalized time. Key: ( ) – path P1; ( ) – path P2; (▬ ▪ ▬)
– path P3; (� ∙ �) – angular stage transitions Θj7 ; (0, I,…IV) – stage indices; (þ) – drive side; and (�) – coast side.
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As stated in Section 2, it is often assumed that ΓDðθ; _θÞ � ΓQ ðθ; _θÞ when predicting dynamic responses. Therefore, the chief
objective of this article is to essentially address the following question: How does ΓDðθ; _θÞ relate to ΓQ ðθ; _θÞ? More specific
questions (as sub-objectives) are posed as follows: (a) Does ΦDðθ; _θÞ �ΦQ ðθÞ per assumptions made in prior work [12–21]?
(b) Does ΨQ ðθ; _θÞ fully account for dissipation under dynamic loading? (c) What dissipative mechanism (viscous damping or
Coulomb friction) best describes ΨDðθ; _θÞ? (d) Given a dynamic response in which the mean operating point rapidly crosses
multiple stages, can ΨDðθ; _θÞ be described in a global manner (as assumed in prior work [12,14–16,21]), or must it be
described locally (i.e. stage-dependent)? Answers to these questions require experimental and analytical investigation of a
multi-staged device, but the scope of analysis is limited to time domain and single degree of freedom nonlinear models. For
the sake of simplification, all multi-staged features shall be piecewise linear. Time domain methods of characterizing elastic
and dissipative parameters under step responses form the basis of this article.
4. Characterization under quasi-static loading

Characterization under quasi-static loading is typically carried out using a commercial test machine [22,23] (denoted X–
Q), as conceptually illustrated in Fig. 2a and described by (Eq. (1) and 2). The device is fixed to ground at one end and a low-
rate, ramp-like external torque TQ ðtÞ is slowly applied at the other end. The test machine is instrumented to measure θðtÞ
and ΓQ ðtÞ only; therefore, θðtÞ is considered to be the (motion) excitation source, though it is assumed from Eq. (1) that
TQ ðtÞ � ΓQ ðtÞ. Angular velocity _θðtÞ is estimated in this paper by applying a forward differencing method to θðtÞ, then
smoothened using a moving average method [25]. For example, consider a four-staged asymmetric clutch damper (single-
disk configuration) with a shaft spline clearance (denoted by subscript 0), drive side (θ40, denoted by subscript þ) and
coast side (θo0, denoted by subscript �). Typical (normalized) measurements are given in Fig. 4; here, time is normalized
by τs � 0:1s (approximately the first natural period of a vehicle powertrain torsional mode [24]), angular displacement is
normalized by θs ¼ maxðjΘj7 jÞ, and torque is normalized by Γs ¼ maxðjΓQ ðθ; _θÞjÞ. Measured ΓQ ðθ; _θÞ clearly exhibits path
dependence; path P1 begins at θ¼ 0 and ends at θ¼ΘIVþ with _θ40; path P2 begins at θ¼ΘIVþ and ends at θ¼ΘIV� with
_θo0; and path P3 begins at θ¼ΘIV� and ends at θ¼ 0 with _θ40. Paths P1 and P3 are referred to as the upper paths and P2
as the lower path.

It is assumed that ΦQ ðθÞ is piecewise linear in nature and can be described by the following equation where ΦQj7 is the
median point between the upper and lower paths at θ¼Θj7 , kj7 is the torsional stiffness of each stage, ΞðθÞ is the unit step
function, and N is the total number of stages:

ΦQ θð Þ ¼
XN
j ¼ I

ΦQðj� IÞþ þkjþ θ�Θðj� IÞþ
� �� �

Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �þ :::

ΦQðj� IÞ� þkj� θ�Θðj� IÞ�
� �� �

Ξ θ�ΘI�ð Þ�Ξ θ�Θðj� IÞ�
� �� �( )

; (5)



Fig. 5. Predicted elastic and dissipative torques in quasi-static experiment X-Q where ΦQ ðθÞ is the normalized elastic torque and ΨQ ðθ; _θÞ is the normalized
dissipative torque. Key: ( ) – path P1; ( ) – path P2; (▬ ▪ ▬) – path P3; (� ∙ �) – angular stage transitions Θj7 ; (0, I,…IV) – stage indices;
(þ) – drive side; and (�) – coast side.

Fig. 6. Predicted and measured (normalized) torque transmission ΓQ for quasi-static experiment X-Q, where _ΓQ is the time derivative of ΓQ . Key: (▬▬) –
measurement; ( ) – prediction; (� ∙ �) – angular stage transitions Θj7 ; (0, I,…IV) – stage indices; (þ) – drive side; and (�) – coast side.
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kjþ ¼ΦQjþ �ΦQ ðj� IÞþ
Θjþ �Θðj� IÞþ

; kj� ¼ΦQ ðj� IÞ� �ΦQj�
Θðj� IÞ� �Θj�

for j¼ I; II…N: (6)

Since stage j¼ 0 is a clearance, ΦQ ðθÞ ¼ 0 for θA ½Θ0�Θ0þ � and k07 ¼ 0. Dissipative torque ΨQ ðθ; _θÞ is described by a
multi-staged Coulomb friction element of the following form where hQ ðθÞ is the friction amplitude and η is a regularizing
factor [16]

ΨQ θ; _θ
� �¼ hQ θð Þtanh η_θ

� �
: (7)

The friction amplitude hQ ðθÞ is assumed to be piecewise linear and described by the following where hQj7 is one half of
the difference between the upper and lower paths at θ¼Θj7 and ΔhQj7 is the change in friction amplitude within stage j7

hQ θð Þ ¼
XN
j ¼ I

hQ ðj� IÞþ þΔhQjþ θ�Θðj� IÞþ
� �� �

Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �þ :::

hQ ðj� IÞ� þΔhQj� θ�Θðj� IÞ�
� �� �

Ξ θ�ΘI�ð Þ�Ξ θ�Θðj� IÞ�
� �� �( )

; (8)

ΔhQjþ ¼ hQjþ �hQ ðj� IÞþ
Θjþ �Θðj� IÞþ

; ΔhQj� ¼ hQ ðj� IÞ� �hQj�
Θðj� IÞ� �Θj�

for j¼ I; II…N: (9)

Similar to ΦQ ðθÞ, ΨQ ðθ; _θÞ ¼ 0 for θA ½Θ0�Θ0þ � and h07 ¼ 0. For illustrative purposes, physical domain representations of
ΦQ ðθÞ and ΨQ ðθ; _θÞ are given in Fig. 5. To validate the static characterization, measured and predicted ΓQ ðtÞ and _ΓQ ðtÞ are
compared in Fig. 6; note that _ΓQ ðtÞ is estimated here through numerical differentiation. There is close agreement between
the measured and predicted signals as indicated by the mean and maximum (absolute) deviations which are: 0:008 and
0:05, respectively, for ΓQ ðtÞ; 0:005 and 0:05, respectively, for _ΓQ ðtÞ.
5. Characterization under dynamic loading

For characterization under dynamic loading, consider the laboratory experiment proposed recently by Krak et al. [21]
(denoted X-D), which is conceptually and physically illustrated in Fig. 2b and c and described by (Eqs. (3) and 4). Here, the



Fig. 7. Typical measured motions from dynamic experiment X-D, where θ is the normalized angular displacement, _θ is the normalized angular velocity, and
€θ the is normalized angular acceleration. Key: (▬▬) –measured motion; (� ∙ �) – angular stage transitions Θj7 ; ( | ) – response regime transition; (di, si, ni)
– double-sided, single-sided, and no-impact regimes; (0, I, II) – stage indices; (þ) – drive side; and (�) – coast side.
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device is fixed to ground at one end and has some associated torsional inertia J attached at the other end. A step-like torque
TDðtÞ is applied to J such that the initial and final operating points of the device (ðθo;ΓDoÞ and ðθf ;ΓDf Þ) lie on separate stages.
The experiment is instrumented to measure the translational velocity of a point on J only; then θðtÞ, _θðtÞ, and €θðtÞ are
estimated using system geometry and numerical methods. See Ref. [21] for further details regarding the experiment design,
instrumentation, and signal processing. For example, again consider the four-staged asymmetric clutch damper as intro-
duced in Section 1. Measured responses are given in Fig. 7; the normalization follows the same scheme given in Section 4.
The responses exhibit richly nonlinear behavior with three distinct response regimes: double-sided impact (di), single-sided
impact (si), and no-impact (ni) [21]. These regimes are characterized by significant peak values of €θðtÞ which occur at abrupt
changes in torsional stiffness, such is found at θ¼ΘI7 . Point ðθo;ΓDoÞ lies on stage IIIþ and point ðθf ;ΓDf Þ lies on stage IIþ;
the path between these points crosses several stages (III� to IIIþ). Note that Θ07 differs between X-D and X-Q experiments
due to a variation in assembly.
6. Estimation of elastic parameters

It is problematic to directly estimate ΓDðθ; _θÞ by substituting measured (estimated) signals θðtÞ, _θðtÞ, and €θðtÞ into Eq. (4)
due to the impulsive and often noisy nature of the measurements. Furthermore, it is difficult to decompose ΓDðθ; _θÞ into its
elastic and dissipative components without a priori knowledge of ΨDðθ; _θÞ and ΦDðθ; _θÞ. Therefore, alternative estimation
methods must be pursued. For instance, Wallaschek [9] and Rook et al. [26] proposed a stochastic linearization method for
estimating effective stiffness parameters of a discontinuous feature under harmonic excitation (stationary process). A similar
method is employed here to estimate ΦDðθ; _θÞ, though it must be modified to accommodate a non-stationary process,
evident from the measured response of X-D. Assume that over a small time window of period τg centered at time t the
following approximation can be made ΓDðtÞ � Γ̂DðtÞ. Here, Γ̂DðtÞ is the time history of a linear function as defined below
where γ̂DmðtÞ is the time history of a mean coefficient, γ̂DaðtÞ is the time history of an alternating coefficient, and θ; th it is an
instantaneous expected value operator (windowed time average):

Γ̂D tð Þ ¼ γ̂Dm tð Þ θ; th itþ γ̂Da tð Þ θ tð Þ� θ; th it½ �: (10)

The instantaneous expected value operator θ; th it is defined by the following where g t0 �tð Þ is a sliding rectangular
window of period τg , t0 is a dummy time variable, to is the initial time of the measured response, and tf is the final time of



Fig. 8. Effect of window length on the estimated dynamic torque transmission Γ̂DðtÞ for dynamic experiment X-D in time domain. Key: (▬▬) –τg ¼ 0:05τs;
and ( ) –τg ¼ 0:4τs .

Fig. 9. Comparison of quasi-static ΓQ ðtÞ and estimated dynamic Γ̂DðtÞtorques for dynamic experiment X-D in time domain. Key: (▬▬) –ΓQ ðtÞ; ( )

–Γ̂DðtÞ; and ( | ) – limits of period τð1Þ .
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the measured response

θ; th it ¼
R tf
to θ t0ð Þg t0 �tð Þdt0R tf

to g t0 �tð Þdt0
; (11)

g t0 �tð Þ ¼ Ξ t0 �tþ0:5τg
� ��Ξ t0 �t�0:5τg

� �
: (12)

The time histories γ̂DmðtÞ and γ̂DaðtÞ are treated as time-invariant at time t and thus the following property is assumed:

γ̂Dm tð Þ; t� �
t ¼ γ̂Dm tð Þ; γ̂Da tð Þ; t� �

t ¼ γ̂Da tð Þ : (13)

Next, Γ̂DðtÞ is substituted into Eq. (4) to define the following error signal eðtÞ where AðtÞ ¼ TDðtÞ� J €θðtÞ
e tð Þ ¼ A tð Þ� Γ̂D tð Þ: (14)

Then, e2ðtÞ; t� �
t is minimized with respect to γ̂DmðtÞ and γ̂DaðtÞ at every time t as follows:

∂ e2 tð Þ; t� �
t

∂γ̂Dm tð Þ ¼ 0;
∂ e2 tð Þ; t� �

t

∂γ̂Da tð Þ ¼ 0 ; (15)

γ̂Dm tð Þ ¼ A; t
� �

t θ; th it
θ; th i2t

; (16)

γ̂Da tð Þ ¼ Aθ; t
� �

t� A; t
� �

t θ; th it
θ2; t
� �

t� θ; th i2t
: (17)

Calculation of Γ̂DðtÞ is highly dependent on the duration of τg; the approximation becomes local as τg-0 and global as
τg-1. To demonstrate this, Γ̂DðtÞ is calculated for τg ¼ 0:05τs and τg ¼ 0:4τs, and displayed in Fig. 8; it is obvious that Γ̂DðtÞ is
smoothened as τg increases. Therefore, for this analysis, τg ¼ 0:05τs is selected while recognizing that the duration of τg must
lie between the sampling period (roughly 0:007τs) and total length of the measured response (about 20τs).

For the sake of comparison, ΓQ ðtÞ is calculated using the measured θðtÞ and _θðtÞ from X-D; the time domain repre-
sentation is shown in Fig. 9. Observe a close agreement between the two as the mean and maximum absolute differences



Fig. 10. Comparison of quasi-static ΓQ ðθ; _θÞ and estimated dynamic Γ̂Dðθ; _θÞ torque for experiment X-D in physical domain over the oscillatory period τð1Þ .
Key: (▬▬) –ΓQ ðθ; _θ40Þ; (▬ ▬) – ΓQ ðθ; _θo0Þ; ( ) –Γ̂Dðθ; _θ40Þ; ( ) – Γ̂Dðθ; _θo0Þ; (� ∙ �) – angular stage transitions Θj7 ; (0, I, II) – stage
indices; (þ) – drive side; and (�) – coast side.
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Fig. 11. Comparison of quasi-static elastic ΦQ ðθÞ and dynamic ΦDðθ;0Þ elastic torques for experiment X-D in physical domain at _θ¼ 0. Key: (▬●▬) – ΦQ ðθÞ;
( ) – ΦDðθ;0Þ; (� ∙ �) – angular stage transitions Θj7 ; (0, I, II) – stage indices; (þ) – drive side; and (�) – coast side.
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between ΓQ ðtÞ and Γ̂DðtÞ are 0:02 and 0:10 respectively. The physical domain representation over the first oscillatory period
τð1Þ is displayed in Fig. 10; Γ̂Dðθ; _θÞ exhibits both stage and path dependence similar to ΓQ ðθ; _θÞ. However, the stage transitions
are heavily smoothened during high angular velocity. This is attributed to: (i) a limited sampling period, which is inherent in
any measured signal; (ii) the finite window length used by the approximation; and (iii) the fact the linearization approx-
imates the sum of elastic and dissipative torques. Despite this, it is possible to extract some physical insight about ΦDðθ; _θÞ.
As stated in Section 3, it is assumed that all dissipation (ΨQ ðθ; _θÞ and ΨDðθ; _θÞ) can be described by viscous damping and/or
Coulomb friction, and therefore ΓQ ðθ;0Þ ¼ΦQ ðθÞ and ΓDðθ;0Þ ¼ΦDðθ;0Þ. Accordingly, ΦDðθ;0Þ � Γ̂Dðθ;0Þ, which allows ΦDðθ; _θÞ
to be compared to ΦQ ðθÞ at _θ¼ 0, as shown in Fig. 11. The first observation is that ΦDðθ;0Þ and ΦQ ðθÞ exhibit stage transitions
and amplitudes. The mean and maximum absolute differences between ΦDðθ;0Þ and ΦQ ðθÞ are roughly 0:02 and 0:05
respectively. Second, ΦDðθ;0Þ is not strictly piecewise linear, which is most clearly seen at stage IIþ (pre-load feature);
nevertheless, the absolute difference between ΦQ ðθÞ and ΦDðθ;0Þ in stage IIþ is at most 0.03. The close agreement between
ΦQ ðθÞ and ΦDðθ;0Þ supports the assumption made in prior work [12–21] that ΦDðθ; _θÞ �ΦQ ðθÞ; this will be further verified by
numerical simulation presented in Section 8.
7. Estimation of dissipation parameters

Seven dissipation formulations, which are conceptually illustrated in Fig. 12 and summarized in Table 1, are considered
for ΨDðθ; _θÞ. It is assumed that one or more of the proposed formulations can effectively describe all dissipative elements
within the device. Formulation D0 simply assumes that ΨDðθ; _θÞ ¼ΨQ ðθ; _θÞ, which is consistent with literature [12–21].
Formulations D1.1–2 assume global damping, where D1.1 is a single-staged torsional viscous damper cD1, and D1.2 is a
single-staged Coulomb element hD1. To facilitate the estimation of parameters, the dissipated energy ED1 is defined in terms
of both the energy balance principle and dissipation formulations, as given by the following expressions where to and tf are



Fig. 12. Conceptual illustration of formulations D0-D3 for the dissipative torque ΨDðθ; _θÞ where θ is the angular displacement, c denotes torsional viscous
damping, and h denotes Coulomb friction amplitude.

Table 1
Summary of proposed formulations for dissipative torque ΨDðθ; _θÞ corresponding to Fig. 11.

Model ΨD θ; _θ
� �

Description

D0 hQ θð Þtanh η_θ
� �

Local (stage-dependent) damping

D1.1 cD1 _θ Global damping
D1.2 hD1 tanh η_θ

� �
D2.1 hQ θð Þtanh η_θ

� �þcD2 _θ Global and local (stage-dependent) damping

D2.2 hQ θð ÞþhD2
� �

tanh η_θ
� �

D3.1 cD3 θð Þ_θ Local (stage-dependent) damping
D3.2 hD3 θð Þtanh η_θ

� �
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the initial and final times of the measured response (X-D), W is the external work, ΔU is the change in potential energy, and
ΔV is the change in kinetic energy:

ED1 ¼W�ΔU�ΔV ; (18)

ED1 ¼
Z tf

to
cD1 _θ

2
dt; ED1 ¼

Z tf

to
hD1 tanh η_θ

� �
_θ dt; (19)
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W ¼
Z tf

to
TD tð Þ_θ dt; (20)

ΔU ¼
Z tf

to
ΦD θ; _θ
� �

_θ dt; (21)

ΔV ¼ 0:5J _θ
2
tf
� �� _θ

2
toð Þ

h i
: (22)

In Eq. (19), dissipated energy ED1 is defined by a time-integral of the dissipative power associated with each formulation
(D1.1 and D1.2). This is equivalent to the path-integral of the dissipative torque; however, the time-integral is chosen for the
sake of convenience (here and for other dissipative formulations). Next, dissipative parameters cD1 and hD1 are defined by
the following:

cD1 ¼ ED1

Z tf

to

_θ
2 dt

� 	�1

; (23)

hD1 ¼ ED1

Z tf

to

_θ tanh η_θ
� �

dt
� 	�1

: (24)

In contrast to D1.1-2, formulations D2.1-2 assume that ΨQ ðθ; _θÞ is valid under dynamic loading, though insufficient to
completely describe the dissipation. It is assumed here that the residual dissipated energy can be attributed to a global
damping element, such as a single-staged torsional viscous damper cD2 for formulation D2.1 (consistent with assumptions
from prior work [12,14–16,21]) or a single-staged Coulomb element hD2 for formulation D2.2. Thus, D2.1-2 is considered a
combination of local and global damping elements. To estimate cD2 and hD2, an energy balance is again applied to the
measured responses of X-D as defined below where W , ΔU, and ΔV are given by (Eqs. (20)–22) and ED2 is the dissipated
energy:

ED2 ¼W�ΔU�ΔV ; (25)

ED2 ¼
Z tf

to
cD2 _θþΨQ θ; _θ

� �� �
_θ dt; ED2 ¼

Z tf

to
hD2 tanh η_θ

� �þΨQ θ; _θ
� �� �

_θ dt: (26)

Dissipative parameters cD2 and hD2 are then defined by the following:

cD2 ¼ ED2�
Z tf

to
ΨQ θ; _θ
� �

_θ dt
� 	 Z tf

to

_θ
2
dt

� 	�1

; (27)

hD2 ¼ ED2�
Z tf

to
ΨQ θ; _θ
� �

_θ dt
� 	 Z tf

to
tanh η_θ

� �
_θ dt

� 	�1

: (28)

Formulations D3.1-2 assume that damping must be described locally, where D3.1 utilizes a multi-staged torsional viscous
damper cD3ðθÞ, and D3.2 employs a multi-staged Coulomb element hD3ðθÞ. Functions cD3ðθÞ and hD3ðθÞ are assumed to be
piecewise linear as given below:

cD3 θð Þ ¼
XN
j ¼ I

cD3ðj� IÞþ þΔcD3jþ θ�Θðj� IÞþ
� �� �

Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �þ :::

cD3ðj� IÞ� þΔcD3j� θ�Θðj� IÞ�
� �� �

Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �( )
; (29)

ΔcD3jþ ¼ cD3jþ �cD3ðj� IÞþ
Θjþ �Θðj� IÞþ

; ΔcD3j� ¼ cD3ðj� IÞ� �cD3j�
Θðj� IÞ� �Θj�

for j¼ I; II…N; (30)

hD3 θð Þ ¼
XN
j ¼ I

hD3ðj� IÞþ þΔhD3jþ θ�Θðj� IÞþ
� �� �

Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �þ…
hD3ðj� IÞ� þΔhD3j� θ�Θðj� IÞ�

� �� �
Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �( )
; (31)

ΔhD3jþ ¼ hD3jþ �hD3ðj� IÞþ
Θjþ �Θðj� IÞþ

; ΔhD3j� ¼ hD3ðj� IÞ� �hD3j�
Θðj� IÞ� �Θj�

for j¼ I; II…N: (32)

Parameter estimation first requires the definition of dissipative power _ED3ðtÞ that is
_ED3 tð Þ ¼ TD tð Þ_θ�ΦD θ; _θ

� �
_θ� J €θ _θ: (33)

Next, the energy dissipated in each stage ED3j7 is calculated using the following:

ED3jþ ¼
Z tf

to

_ED3 tð Þ Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt; (34)



Table 2
Intermediate parameters used in the estimation of cD3j7 and hD3j7 for dissipative formulation D3.1-2.

Intermediate parameter Definition

αcjþ
R tf
to

_θ
2
Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt

αcj�
R tf
to

_θ
2
Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �
dt

βcjþ
R tf
to

_θ
2 θ�Θðj� IÞ þ

Θjþ �Θðj� IÞ þ


 �
Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt

βcj�
R tf
to

_θ
2 θ�Θðj� IÞ �

Θðj� IÞ � �Θj�


 �
Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �
dt

αhjþ
R tf
to tanh η_θ

� �
_θ Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt

αhj�
R tf
to tanh η_θ

� �
_θ Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �
dt

βhjþ
R tf
to tanh η_θ

� �
_θ

θ�Θðj� IÞ þ
Θjþ �Θðj� IÞ þ


 �
Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt

βhj�
R tf
to tanh η_θ

� �
_θ

θ�Θðj� IÞ�
Θðj� IÞ � �Θj�


 �
Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �
dt

-0.6

0

0.6

-2

0

2

0 5 10 15 20
-15

0

15

I+
II+

I-
II-

0-

0+

di si ni

Fig. 13. Comparison between measured and predicted (with formulation D0) motions for experiment X-D. Key: (▬▬) – measured motion; ( ) –

predicted motion; (� ∙ �) – angular stage transitions Θj7 ; ( | ) – regime transitions of the measured response; (di, si, ni) – double-sided, single-sided, and
no-impact regimes of the measured response; (0, I, II) – stage indices; (þ) – drive side; and (�) – coast side.
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ED3j� ¼
Z tf

to

_ED3 tð Þ Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �
dt: (35)

The energy dissipated in each stage is also defined as follows:

ED3jþ ¼
Z tf

to
cD3ðj� IÞþ þΔcD3jþ θ�Θðj� IÞþ

� �� �
_θ
2
Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt; (36)
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Fig. 14. Comparison between measured and predicted (with formulation D3.2) motions for experiment X-D. Key: (▬▬) – measured motion; ( ) –
predicted motion; (� ∙ �) – angular stage transitions Θj7 ; ( | ) – regime transitions of the measured response; (di, si, ni) – double-sided, single-sided, and
no-impact regimes of the measured response; (0, I, II) – stage indices; (þ) – drive side; and (�) – coast side.
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ED3jþ ¼
Z tf

to
cD3ðj� IÞþ þΔcD3jþ θ�Θðj� IÞþ

� �� �
_θ
2
Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt; (37)

ED3jþ ¼
Z tf

to
hD3ðj� IÞþ þΔhD3jþ θ�Θðj� IÞþ

� �� �
tanh η_θ

� �
_θ Ξ θ�Θðj� IÞþ
� ��Ξ θ�Θjþ

� �� �
dt; (38)

ED3j� ¼
Z tf

to
hD3ðj� IÞ�þΔhD3j� θ�Θðj� IÞ�

� �� �
tanh η_θ

� �
_θ Ξ θ�Θj�
� ��Ξ θ�Θðj� IÞ�

� �� �
dt: (39)

Parameters cD3j7 and hD3j7 are then calculated by combining (Eqs. (34)–39) as given below where it is assumed that
cD307 ¼ hD307 ¼ 0, and intermediate parameters αcj7 , βcj7 , αhj7 , and βhj7 are defined in Table 2

cD3jþ ¼ ED3jþ þcD3ðj� IÞþ βcjþ �αcjþ
� �� �

β�1
cjþ ; (40)

cD3j� ¼ cD3ðj� IÞ� αcj� �βcj�
� ��ED3j�

� �
β�1
cj� ; (41)

hD3jþ ¼ ED3jþ þhD3ðj� IÞþ βhjþ �αhjþ
� �� �

β�1
hjþ ; (42)

hD3j� ¼ hD3ðj� IÞ� αhj� �βhj�
� ��ED3j�

� �
β�1
hj� : (43)
8. Comparative assessment of dissipative formulations

To validate the proposed formulations, time domain simulations of the dynamic experiment (X-D) are conducted using a
commercial numerical solver [21,25] since it is commonly used in the vehicle industry. Comparisons between measured and
predicted motions from formulations D0 and D3.2 are shown in Figs. 13 and 14, respectively; predictions from formulations
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Fig. 15. Comparison between measured and predicted (with formulations D0, D2.1, and D3.2) €θðtÞ for experiment X-D. Key: (▬▬) – measurement; and
( ) – prediction.

Table 3
Summary of the response metrics (R1–R6) for several dissipation formulations (D1–D3): (a–c) normalized geometric norm of error between measurement
and prediction; and (d) absolute difference between measured and predicted response regime periods. The ideal value for each metric is 0 (zero) and the
worst case is associated with a very high positive value; lowest values (“best”) per metric are emboldened.

D1.1 D1.2 D2.1 D2.2 D3.1 D3.2

(a) Measured double-sided impact regime di
R1 θð Þ 0.18 0.95 0.28 0.24 1.28 0.38
R1 _θ
� �

0.30 0.90 0.36 0.28 0.98 0.38

R1 €θ
� �

0.58 0.92 0.58 0.51 1.06 0.56

(b) Measured single-sided impact regime si
R2 θð Þ 0.32 0.51 0.31 0.31 0.41 0.26
R2 _θ
� �

0.45 0.67 0.45 0.46 0.50 0.40

R2 €θ
� �

0.64 0.82 0.64 0.64 0.62 0.60

(c) Measured no-impact regime ni
R3 θð Þ 0.19 0.04 0.10 0.04 0.20 0.04
R3 _θ
� �

0.41 0.04 0.22 0.05 0.44 0.04

R3 €θ
� �

0.54 0.11 0.33 0.12 0.58 0.12

(d) Absolute difference between measured and predicted response regime periods
R4 (di) 0.04 1.85 0.07 0.03 0.27 0.06
R5 (si) 45.84 2.04 2.84 0.26 45.81 0.27
R6 (ni) N/A 0.19 2.91 0.29 N/A 0.21
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D1.1-2, D2.1-2, and D3.1 are displayed in Appendix B. Additionally, comparisons between measurements and predictions
from formulation D0, D2.1, and D3.2 are shown in Fig. 15. Upon initial observation, it is evident that ΨQ ðθ; _θÞ (formulation D0)
alone is not sufficient to describe dissipation under dynamic loading and that predictions from D1-3 are superior to D0.
Geometric norms of prediction error are defined over each regime (di, si, and ni) of the measured responses as given below
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where θðtÞ is the measured signal, θðt;Da:bÞ is predicted from formulation Da.b (a¼{1, 2, 3}, b¼{1, 2}), and θðt;D0Þ is the
prediction from formulation D0

R1 θð Þ ¼
R to þ τdi
to

θ tð Þ�θ t;Da:bð Þ� �2dtR to þ τdi
to

θ tð Þ�θ t;D0ð Þ½ �2dt

 !0:5

; (44)

R2 θð Þ ¼
R to þ τdi þ τsi
to þ τdi

θ tð Þ�θ t;Da:bð Þ� �2dtR to þ τdi þ τsi
to þ τdi

θ tð Þ�θ t;D0ð Þ½ �2dt

0
@

1
A

0:5

; (45)

R3 θð Þ ¼
R tf
to þ τdi þ τsi

θ tð Þ�θ t;Da:bð Þ� �2dtR tf
to þ τdi þ τsi

θ tð Þ�θ t;D0ð Þ½ �2dt

 !0:5

: (46)

For additional metrics, the absolute differences between the normalized measured and predicted response regime
periods are defined as

R4¼ τdi�τdi Da:bð Þ
�� ��; (47)

R5¼ τsi�τsi Da:bð Þ
�� ��; (48)

R6¼ τni�τni Da:bð Þ
�� ��: (49)

The ideal value for each metric is 0 (zero) and the worst case is associated with a very high positive value; thus, “best”
metric values are those nearest to 0 (as summarized in Table 3). It is evident (from the metrics, Figs. 13 and 14, and
Appendix B) that predictions from dissipative formulations D2.1, D2.2, and D3.2 (see Fig. 12 for illustrations) have the
closest agreement to the measurements. These predictions are very similar to the measurement (and each other) in the
double (di) and single-sided impact (si) regimes, where the motion spans several stages and the angular velocity is
relatively high. However, when the response is confined to a single stage (no-impact regime (ni)), the angular velocity
decreases; now, the prediction from D2.1 (which is the formulation most similar to prior work [12–16,19–21]) is sig-
nificantly worse than those from D2.2 and D3.2 (current work). This can clearly be seen in Fig. 15. The reduced accuracy of
D2.1 could be explained by the following: (1) As angular velocity decreases, the effect of viscous damping also decreases,
unlike a Coulomb friction element; and (2) The stage-dependent element in D2.1 is estimated under quasi-static loading
only. The predictions from D2.2 and D3.2 are too similar to declare that one is more accurate than the other. Nevertheless,
these results suggest that over wide ranges of angular displacement (across several stages) and velocity, the effective
dissipative formulation of the device is best described by a pure Coulomb friction element (unlike formulation D2.1 and
prior work [12–16,19–21]) that incorporates stage-dependence, such as formulations D2.2 and D3.2. Additionally, both
quasi-static and dynamic experiments must be utilized to accurately estimate all parameters (e.g. angular stage transi-
tions Θ, Coulomb friction amplitude h, and regularizing factor η).
9. Conclusion

The main contribution of this article is the development of a new time domain parameter estimation method for a
practical torsional device (such as a vehicle clutch damper) with multiple discontinuous nonlinearities that subject to
dynamic, transient loading. Under current engineering practice [11–23], vehicle clutch dampers are usually characterized
from a quasi-static experiment only and linear viscous damping parameters are assumed. The proposed method compares
characterization of the device under quasi-static and dynamic loading conditions, which addresses a critical need in both
industrial practice and scientific literature. Following the suggestions of Kerschen et al. [1], the proposed method utilizes
measurements collected from a component-level dynamic experiment, which offers the following intrinsic advantages:
(1) the interaction between multiple nonlinear features is maintained; (2) experimentation conditions could be more
similar to the operating environment; and (3) fewer measurements from laboratory experiments are required.

An instantaneous stochastic linearization technique is first proposed to estimate and verify the underlying elastic
parameters. Dissipative parameters are estimated using the energy balance principle and a model-based approach (with
seven alternate formulation) through it is limited to single or multi-staged torsional viscous dampers and Coulomb friction
elements. Answers to the questions posed (under objectives in Section 3) are summarized as follows: (a) Elastic parameters
under quasi-static and dynamic loading are very similar, which is consistent with the assumptions made in literature
[12–21]. (b) The multi-staged Coulomb friction estimated under quasi-static loading is insufficient to account for the dis-
sipation under dynamic loading; however, the addition of a parallel single-staged torsional viscous damper or Coulomb
friction element improves predictions. (c) Dissipation under dynamic loading is better described by the Coulomb friction
rather than torsional viscous damping. (d) When the mean operating point of a dynamic response crosses one or more
stages, damping must be described in a local or stage-dependent manner. Given the successful application demonstrated in
this study, the proposed method could be extended to the characterization and modeling of similar physical systems with
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discontinuous nonlinearities. Finally, this method should be valuable tool for improving the design and dynamic analysis of
a family nonlinear isolators and dampers.
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Appendix A. List of symbols

Symbols (with dimensional units)
0; I; II…
 Stage indices
 n/a

c
 Torsional viscous damping
 Nm s rad�1
E; _E
 Dissipative energy and power
 J, J s�1
h
 Coulomb hysteresis amplitude
 Nm

J
 Torsional inertia
 kg m2
k
 Torsional stiffness
 Nm rad�1
N
 Number of clutch damper stages
 n/a

t
 Time
 s

T
 External torque
 Nm

U
 Potential energy
 J

V
 Kinetic energy
 J

W
 External work
 J

α
 Coefficient for parameter estimation
 rad or rad2∙s�1
β
 Coefficient for parameter estimation
 rad or rad2 s�1
γ
 Coefficient for torque transmission approximation
 Nm rad�1
Γ
 Torque transmission
 Nm

Δ
 Finite change
 n/a

η
 Angular velocity regularizing factor (Coulomb friction)
 s rad�1
θ; _θ; €θ
 Angular displacement, velocity, and acceleration
 rad, rad s�1, rad�2
Θ
 Angular stage transition
 rad

Ξ
 Unit-step function
 n/a

τ
 Period (time)
 s

Φ
 Elastic torque transmission
 Nm

Ψ
 Dissipative torque transmission
 Nm

þ
 Drive side
 n/a

�
 Coast side
 n/a
Subscripts
0; I; II:::
 Stage indices

a
 Alternating

D
 Dynamic loading conditions

di
 Double-sided impact regime

f
 Final

i� hub
 Clutch damper inner hub

j
 Stage index

m
 Mean

n
 Natural

ni
 No-impact regime

o
 Initial

o� hub
 Clutch damper outer hub

Q
 Quasi-static loading conditions

s
 Scaling factor

si
 Single-sided impact regime

t
 Instantaneous (time dependent)

ε
 Small value approximated by 0

þ
 Drive side

�
 Coast side

http://www.SmartVehicleCenter.org
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Superscripts
Fig. B1. Comparison between measured an
displacement, _θ is the normalized angular
motion; (� ∙ �) – angular stage transitions
regimes of the measured response; (0, I, II)
ðiÞ
 Oscillatory period index

�
 Normalized

'
 Dummy variable

^
 Approximation
Abbreviations
di
 Double-sided impact regime

si
 Single-sided impact regime

ni
 No-impact regime

P1, P2, P3
 Paths under quasi-static loading

X-D
 Experiment under dynamic loading

X-Q
 Experiment under quasi-static loading

D0, Da.b
 Proposed dissipative formulations for dynamic loading (a¼{1, 2, 3}; b¼{1, 2})

R1…6
 Predicted response metrics
Appendix B. Comparative results for other dissipation formulations

See Appendix Figs. B1–B5.
d predicted (with formulation D1.1) motions for dynamic experiment X-D, where θ is the normalized angular
velocity, and €θ is the normalized angular acceleration. Key: (▬▬) – measured motion; ( ) – predicted
Θj7 ; ( | ) – regime transitions of the measured response; (di, si, ni) – double-sided, single-sided, and no-impact
– stage indices; (þ) – drive side; and (�) – coast side.



-0.6

0

0.6

-2

0

2

0 5 10 15 20
-15

0

15

di si ni

I+
II+

I-
II-

0-

0+

Fig. B2. Comparison between measured and predicted (with formulation D1.2) motions for dynamic experiment X-D. Key is described in Fig. B1 caption.

M.D. Krak, R. Singh / Journal of Sound and Vibration 377 (2016) 243–263260



Fig. B4. Comparison between measured and predicted (with formulation D2.2) motions for dynamic experiment X-D. Key is described in Fig. B1 caption.
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Fig. B3. Comparison between measured and predicted (with formulation D2.1) motions for dynamic experiment X-D. Key is described in Fig. B1 caption.
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Fig. B5. Comparison between measured and predicted (with formulation D3.1) motions for dynamic experiment X-D. Key is described in Fig. B1 caption.
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